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INTRODUCTION

General description of work.

The dissertation is devoted to the generation of gamma on the surface of a
neutron star and the propagation of radiation in its magnetosphere. We considered the
generation of gamma quanta by the Pb-Bi cycle under the neutron flux generated in
the nonequilibrium crust of a neutron star. The propagation of gamma radiation in the
magnetosphere of a neutron star is calculated using nonlinear electrodynamics.

Assessment of current state of the studied scientific topic.

In the classical field of gamma astronomy, the atmosphere is opaque, so
observations are possible only from space using satellites. Due to specialized
satellites — Cos B (operating in 1975-1982), the Compton gamma observatory
(AGILE (Astro-rivelatore Gamma a Immagini, LEggero — Lightweight space
telescope for imaging in the gamma range, 2007), EGRET tool - Energetic Gamma
Ray Experiment Telescope — Telescope for an experiment in the field of hard
gamma radiation, 1991-2000) , Space Observatory named after. E. Fermi (since
2008) — a diffuse background, point and extended sources of gamma radiation were
discovered. Almost all galactic radiation sources belong to neutron stars, black holes,
and also to compact objects inside the galaxy. It is also necessary to say that these
emissions are associated with galaxies with an active core in which supermassive
black holes are located. An isotropic diffuse background in observations is generated
by sources in distant galaxies. Dense molecular clouds appear to be extended sources.

A neutron star is one of the possible results of the evolution of massive stars.
These compact objects are not only has an interesting astrophysical manifestations,
but also of great interest for fundamental physics. Three Nobel Prizes have already
been awarded for neutron star research (for the discovery of radio pulsars, for the
discovery of a double pulsar and the verification of general relativity, as well as for
the development of X-ray astronomy).

Currently, only 25 neutron stars have been detected in the optical and near-IR
ranges, about a hundred in the gamma range and about two hundred in the X-ray
range, compared with about 2,000 neutron stars in the radio range.

As a result, the available data do not yet allow us to draw certain conclusions

about the mechanism of pulsar radiation in the gamma ranges. Therefore, obtaining
new data on NS radiation in these ranges is very important[1-5].
The processes associated with the formation, evolution and transformation of neutron
stars into a black hole are the most powerful explosive processes in the gamma-ray
bursts, Kilonova stars , Hypernova, and Universe: Supernovae. To study the
properties and characteristics of matter in a special ray even in extreme conditions,
we can observe these listed astronomical objects which is located at cosmological
distances. With the rapid development of technology over the past decades, the
volume of observational materials has also increased significantly. However, a
detailed understanding of the nature and mechanism of stellar explosions and gamma-
ray bursts has not yet been obtained.



It is believed that the brightness of type 1a (SN 1a) at the maximum is constant,
as a result of which they are perfectly suitable for the role of distance indicators in the
Universe[6]. As a result of the explosion of SN 1a, the white dwarf turns into a
neutron star. But due to some problems in explaining the observational data, research
Is needed aimed at identifying the mechanism of explosion of (SN 1a), generating
and propagating radiation at the initial and final moments of the explosion, and
determining the structure of magnetic fields in gamma-ray burst jets. These questions
can be answered by computer simulations of the processes occurring in the depths
and on the surface of a neutron star, the mechanisms of generation and propagation of
radiation in the NS magnetosphere, as well as high-precision measurements of the
spectrum, intensity and polarization of star radiation. Unfortunately, polarization
observations of SN 1a, especially in the early stages of shell expansion, and the
intrinsic and early optical radiation of gamma-ray bursts are few [7]. The polarization
of intrinsic optical radiation from gamma-ray bursts has not yet been recorded; there
are only a few measurements of after glow polarization.

Neutron stars have no internal resources to make up for the energy that is lost by
various types of radiation and over the course of millions of years it slowly fades
away, turning into a dead object. However, if accretion occurs on the surface of a
neutron star, it will restore its energy[8].

Accretion causes complex magneto hydrodynamic and nuclear processes both
on the surface and inside a neutron star. Accretion launches a chain of nuclear
reactions that serve as an efficient source of energy[9]. In this case, the neutron star’s
crust become non-stable, which leads to the appearance of nonequilibrium processes
such as the expansion of the crust, star tremors on the surface of a neutron star, and
neutron diffusion processes into the inner layers. However, when accretion ends, the
neutron star will again begin to lose energy. Using sensitive X-ray telescopes and
special observation methods, we can detect the signatures of these processes: the
temperature of a neutron star rises during accretion episodes, but then gradually
decreases[9]. In particular, Creation of the detailed “cooling curve” of a neutron star
can give a unique information of its crust, which is one of the main tasks of studying
a neutron star[10,11].

In recent years, theoretical studies of fast processes in astrophysical objects
(explosions of new and supernovae, the propagation of shock waves, etc.) have been
intensively conducted. Therefore, detailed calculations of the s-process and r-process
under various conditions are becoming increasingly relevant, and reliable data are
needed on the values of < ve > in a wide range of values of A and Z, in particular,
for radioactive and excited nuclei [133].

Nowadays, the available data do not yet allow us to draw certain conclusions
about the mechanism of pulsar radiation in the gamma ranges, so for this reason
theoretical studies of nuclear reactions occurring at these objects are intensively
carried out. The cyclic nuclear reaction Pb-Bi, first considered back by D.D. Clayton,
plays an important role in explaining the nucleosynthesis of heavy elements,
explosions of novae and supernovae. Therefore, detailed calculations related to the
nuclear reaction of Pb-Bi cycle and all its sub-cycles, as well as calculations of the
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intensity of gamma radiation by Pb-Bi cycle, are relevant today in explaining the
mechanism of pulsed radiation in the gamma ranges Super strong magnetic fields of
some neutron stars of the so-called magnetars can lead to nonlinear quantum
electrodynamic effects (such as vacuum polarization), which are important for
irradiative processes. Therefore, all these various properties of a neutron star are of
great interest for theoretical astrophysics of non-ideal plasma physics and nuclear
physics.

The aims of the thesis is to study the mechanisms of generation and
propagation of gamma radiation in nonequilibrium processes on the crust and in the
magnetosphere of the NS.

Research tasks. In order to achieve the aim the following tasks were set:

—Simulation of the cyclic reactions Pb-Bi.

—Determination of radiation intensity by Pb-Bi cycle.

—Determination of the relative delay time of the two normal modes of gamma
radiation passing through the magnetosphere of a neutron star.

Research object.

Crust and magnetosphere of neutron stars.

Research subjects.

Generation of gamma rays by Pb-Bi cyclic reaction in the crust of neutron stars
and propagation of it in the magnetosphere.

Research methods.

Analytical and numerical methods, computer simulation .

Main statements submitted for the defense.

—Pb-Bi cycle has additional subcycles in the neutron flux range 103 — 1018
neutron/cm? ; therefore, the complete Pb-Bi cycle in the indicated neutron flux
range contains T1206, Pb206-Pb209, Bi209-Bi210, P0210-Po211.

—The intensity of the gamma radiation of the complete Pb-Bi cycle, which takes
place on the surface of the neutron star under flux of interstellar matter, is of the order
of 108 photon/cm? sec.

—Gamma radiation passed through magnetic field of neutron star splits into the
two normal modes, which are delayed with respect to each other by 102 sec.

Scientific novelty. The following results have been obtained for the first time

within this dissertation:

—Isotopic composition and Pb-Bi complete cycle was determined.

—The intensity of the gamma radiation of the Pb-Bi cycle on the surface of the ns
was calculated.

—The dependence the relative time delay between two normal modes from the
gamma radiation passed through magnetic field of neutron star was calculated.

Scientific and practical value of the thesis.

Determination of the Pb-Bi cyclic reactions parameters give us possibility to
define several problems of the elements abundance due the stellar nucleosynthesis
and clarify genesis of the gamma ray bursts.



Definition of the gamma rays propagation details through dipolar and
quadrupolar magnetosphere of a neutron stars gives us alternative method of
measuring parameters of the magnetic field of NS.

Reliability of the obtained results.

Reliability of the obtained results confirmed by the publications in peer
reviewed scientific journals and by participation in the international conferences.

Correlation of the work with other research projects.

The work has been carried out within the plans of the research projects of
Ministry of Education and Science of the republic of Kazakhstan "Motion of rotating
extended bodies in gravitational fields" (2015-2017), "Numerical study of the
dynamics of test bodies in the field of extended bodies with an internal structure in
general relativity (2018-2020)".

Personal contribution of the author.

With a scientific supervisors, author took part in setting the task and he proposed
to consider an extended Pb-Bi cyclic reaction. He developed software package "IBIS"
to work with ENDF files and to calculate the energy release during cyclic reaction.
Author also wrote a code using "Mathematica™ to calculate time delay of the
electromagnetic pulse.

The thesis approbation.

The results of the work were presented and discussed at the following
conferences:

—International Conference "Proceedings of the Fourteenth Marcel Grossmann
Meeting on Recent Developments in Theoretical and Experimental General
Relativity, Astrophysics, and Relativistic Field Theories"(Rome, Italy, July 2018 ).

—Scientific Conference dedicated to the 80" anniversary of Academician of the
NAS RK Abdildin M.M. Abdildin readings: Actual Problems of Modern Physics. —
Almaty, 2018.

—International Scientific Conference of Students and Young Scientists « Farabi
alemi». — Almaty, 2016.

—International Scientific Conference of Students and Young Scientists «Farabi
alemi». — Almaty, 2017.

—International Scientific forum «Nuclear science and technologies». — Almaty,
2017.

Publications.

9 publications (4 papers, 5 abstracts) were made based on the result of the study,
among them 1 paper in journal indexed in Scopus (impact factor - 5.231), 3 paper in
journals recommended by CCES MES RK.
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GENERATION GAMMA QUANTA IN THE NEUTRON STARS

1.1 Literature review

The phenomenon of Gamma-Ray Burst (GRB) being mysterious at the time of
discovery in 1973 in a seminal article [111], nowadays is widely accepted by
astrophysical community to be of the cosmological origin. Its early guesses are based on
explosions in the active galactic nuclei which was proposed in [112]. The focus on
mechanism of GRB formation, in particular, occurring in the vicinity of a collapsing
object due to neutrino-antineutrino annihilation was studied in [113]. Another models of
the energetic gamma emission during collapses and supernova explosions were studied
in [114]; there scientists considered the reactions with heavy nuclei. An interesting
scenario of a so-called “starquake” followed by explosions and emissions from a non-
equilibrium layer in the crust of a neutron star, accompanied by gamma radiation due to
fission of super-heavy nuclei, was proposed in [114] as an alternative model of the
galactic origin of the GRB. There were more than hundred models proposed in few
years after the announcement in order to solve a puzzle of GRBs [115].

Despite the fact of several hundred pulsars detection in hard X-ray and gamma-ray
domain, together with their temporal and spectral parameters measured with good
accuracy, there is still not complete data on the polarization properties of such an
interesting objects. Very few space experiments have been launched for investigating
the polarization in hard radiation [86].

One of the examples of the linear polarization is its discovery for GRB 021206 was
reported in [116]. The successful interpretation was given using a synchrotron radiation
for electrons moving with relativistic speed in a strong magnetic field. Data on
polarization were obtained by space experiment Reuven Ramaly High Energy Solar
Spectroscopic Imager (RHESSI) — the high-energy solar spectrograph. The space
observatory consists of nine large-volume coaxial germanium detectors (300 cm3) with
high spectral resolution for studying the X-ray and gamma radiation of the Sun in the
energy range of 3 keV-17 MeV. RHESSI has a high angular resolution (2 from the arc)
with a large field of view of 1°; however, flat focal detectors are not shielded and open
to the entire sky. Due to this constructional feature of the detectors RHESSI frequently
registers GRB in its focal plane, although the probability of their falling into the field
for constructing an image is small. As a results of such observations we have spectra of
high-resolution, arrival time and energy of every individual photon. Being not
optimized for gamma-ray polarimetry, RHESSI, nonetheless is suitable for measuring
polarization and its design makes it the most sensitive among modern instruments for
astrophysical measurements of the polarization of gamma radiation [116].

Obtained data in [116] were analyzed in [117] where it was concluded that they did
not give the slightest hint of registering a polarized signal.

It is well known that some gamma-ray pulsars are characterized by magnetic fields
near critical B value, but there exist so-called “magnetars” which could have even
higher magnetic field to reach about 10°> G. In such objects in the vicinity of strongly
magnetized neutron star there are favorable conditions for non-linear electrodynamic
effects, in particular, vacuum birefringence [62,82,108]. This effect may have different
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manifestations. One of them dramatically increases the linear polarization of the thermal
radiation of the isolated neutron stars [109], from a level of a few per cent up to even
100 per cent, depending on the viewing geometry and the surface emission mechanism.
Currently, this vacuum non-linear electrodynamics prediction can be tested by
measurement of a polarization degree of isolated neutron star thermal emission.

Pioneering observations [110] of optical polarization from a thermally emitting
isolated neutron star RX J1856.5-3754 shown that a linear polarization degree of this
star thermal emission is 16.43+5.26 per cent [86].

Outside of a neutron star, due to the presence of a very strong magnetic field, the
magnetosphere is formed, the radius of which can reach several star radii. This
magnetosphere is usually transparent for the low-frequency part of the electromagnetic
spectrum.It can only be guaranteed that the magnetospheres of neutron stars are
transparent in the region of x-ray and gamma radiation.

The gravitational field of a neutron star is created by its substance, as well as a
magnetic dipole field with charged particles in the magnetosphere. Since the energy
density of the substance of compact neutron stars ~ 103¢ erg/cm3 is more than six
orders of magnitude greater than the maximum energy density of the magnetic field,
even in the case of a magnetar, the matter makes the main contribution to the
gravitational field. Assuming that it is spherically symmetric distributed, the
Schwarzschild metric (see chapter 2.4) can be used as the metric tensor of pseudo-
Riemannian space-time [73]:

In theoretical works [82,86,95,96] the effects of nonlinear electrodynamics were
predicted when measuring the degree of polarization of thermal radiation of an isolated
neutron star. In [82] non-linearity is limited to considering the case of dipole magnetic
moment. However, for a neutron star with a strong magnetic field where B reaches 10*°
G, it is also necessary to consider the effects caused by quadrupole magnetic moment.

Despite the fact that the numerous observations have been conducted for more than
30 years and there are various attempts to build a theoretical model, to date there is no
reliable model for the formation of the observed radiation, nor for the day of the GRB
energy source. Although long GRB are most likely of cosmological origin, it is possible
that short GRB have a different origin (possibly even galactic) and are associated with
giant outbreaks of [119].

There are experimental evidences that the solar system formed partly as a product
of supernova explosion, where elements obtained in the r-process mixed with the initial
gas-dust medium; the latter fact being examined by the isotopic composition of ancient
meteorites. It was claimed [132] that shock wave from the supernova explosion initiated
gravitational compression, which further led to the formation of the solar system[132].

Reasonably the most comprehensive analysis on GRB nature can be given through
observations in the entire electromagnetic spectrum.

In recent years, theoreticaland numerical studies of fast processes in astrophysical
objects, e.g., explosions of new and supernovae, the propagation of shock waves, etc.,
have been intensively conducted. Therefore, detailed calculations of the r-process under
various conditions are becoming increasingly relevant, and reliable data are needed on
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the values of voy in a wide range of values of A and Z, in particular, for radioactive and
excited nuclei [133].

Recently, theLaser Interferometer Gravitational-Wave Observatory (LIGO)
collaboration recorded a powerful gravitational wave signal, followed by a kilonova
burst, manifested in the form of a gamma-ray burst and persisting for several days in the
visible part of the spectrum caused by radioactive processes. An arrival time of the
gamma-ray signal from GRB 170817A is delayed only by 2 seconds from the arrival of
gravitational wave signal, and their location on the sky is overlapping, giving us a first
time ever opportunity for detecting the signal from single object in the entire
electromagnetic spectra but also non-electromagnetic counterpart.

The observational data show that an explosion of coalescing stars results with
isotropic expansion having initial temperature of about 4300 degrees Celsius, moving
with ballistic non-relativistic velocity 0.2-0.3 of the speed of light, which further will
decay and expanding shell will cool on a timescale of days. It is was calculated that the
sphere consisted of a newly formed chemical elements, of which only Strontium was
about five masses of the Earth. For the first time, unequivocal evidence has been
obtained of the occurrence of the r-process during the coalescence of neutron stars, in
which heavy elements such as gold, lead, uranium and others are formed. Moreover,
this is the first empirical evidence that neutron stars are indeed made up of neutrons.

Now it has been proven that this event acts as a reactor in which heavy elements
are synthesized [135].

In the outer crust of neutron stars, atomic nuclei are completely ionized
everywhere. The electrons in this layer are highly degenerate and free. As mentioned,
the outer shell can be divided into two parts, the outer layer and the inner layer. The
total thickness of the outer shell reaches up to a couple of hundred meters. The
thickness of the outer layer is only a few meters where the electrons are not very
degenerate. The pressure in the outer shell is created by degenerate electrons which at
a density p > 10°g/cm™3, become relativistic and at densities p > 10g/cm™3
they are ultra relativistic. Also, at such kind of densities, the ions form a liquid whose
properties are mainly determined by the Coulomb interaction between ions (Coulomb
liquid)[13,14,15].

With increasing pressure, beta capture by nuclei in the layer becomes ergetically
beneficial. This is due to a strong increase in the Fermi energy of electrons, which
leads to the enrichment of nuclei by neutrons. The boundary between the outer and
inner shell of a neutron star appears when the density reaches p = pg.;, and,
accordingly, free neutrons appea.

Also, In [141], three objects HD187861, HD196944, and HD224959 were
analyzed. These objects are the so-called AGB stars. Their analysis showed that these
stars are highly enriched in lead than any other element heavier than iron.
Consequentially, this gives us the assertion that in a binary system consisting of a
neutron star and an AGB, like the above, when expanding the star and filling the rosh
cavity in the accreting substance, lead isotopes will prevail.

An accretion stream contributes significantly to the development of a neutron
star. The substance from the accretion disk falls on the surface of a neutron star and
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spreads uniformly over it. The newly income substance from accretion disk,
increasing gravitational pressure, contributes to the compression of matter in the
crust, pushing it into a star. In this case, the accretion process turns the crust of
neutron star from the equilibrium state, as a result the crust of the neutron star
becomes non-equilibrium. The nuclear composition of deviated from equilibrium
crust is very different from equilibrium crust of the neutron stars [39,144]. This is
primarily due to the presence of a significant amount of free neutrons in the crust of
the neutron star. These free neutrons can diffuse under the influence of the
concentration gradient and gravity [40]. The neutron concentration gradient can
change sign in the nonequilibrium crust, and, in particular, at the outer boundary it is
always directed outward (or equal to zero), since there are no free neutrons outside.
whereas, the force of gravity acting on free neutrons is always directed inside the star.

Also, processes occurring on the upper layers of the inner cortex, which is
described in detail in [140], can be sources of free neutrons. The inner layers of the
outer crust of a neutron star atomic nuclei forms a super dense crystalline structure
where nonlinear interactions can occur. The reason for this is the very small lattice
parameter. This small parameter is much smaller than the size of the electron orbits in
the atom. In crystals with such properties, excited states of nuclei appear due to
electron capture. Captured nuclei in such crystals can exist for a long time. In [142],
the authors draw attention to the fact that if the density of the number of such excited
nuclei increases, then nonlinear interaction arises. These nonlinear interactions result
in mode generation and induced radiation in the crystal. The consequence of these
emissions may be the appearance of free neutrons. These free neutrons are literally
knocked out from nuclei of supersaturated neutrons and a concentration gradient of
free neutrons appears, then due to the presence of a concentration gradient they can
be transferred to the upper layers of the outer crust of a neutron star, thereby forming
a free neutron flux [140].

1.2 The structure of neutron stars.

After two years of neutron detecting, neutron stars were theoretically predicted
by Walter Bade and Frits Zweki as the most possible result of supernova explosions.
Walter Bade and Frits Zwiky proposed the term "supernovae" and they also
suggested that these objects can be an important source of cosmic rays in galactic.
Outstanding Soviet physicist Landau also considered objects in the universe where
density of matter is so dense that atomic nuclei form a giant nucleus. He also
calculated that the mass of these objects should exceed 1.6 of solar mass[12].

A neutron star was first discovered after 43 years of its prediction by Jocelyn
Bell and Antony Hewish. Today, neutron stars can be observed in all ranges of
electromagnetic radiation, however, most of them (around 2000) are observed in the
form of a radio pulsar. About two hundred observed neutron stars enter into binary
systems, where a neutron star absorbs its nearby stars, forming an accretion disk and
manifests itself as x-ray radiation. Also, flashes due to explosive thermonuclear
burning of accreted matter sometimes appear in the outer layers of these neutron
stars. Also, some of these systems can form x-ray transitions when alternations
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between periods of active accretion(may lasts days or weeks) and with a periods of
calm (may lasts months or sometimes years). Also, more than a hundred isolated
neutron stars were detected in the X-ray range of radiation [12,13].

Due to the fact that the density of a neutron star is very high, the general theory
of relativity plays an important role. The structure of non-rotating neutron stars can
be represented by Tolman-Oppenheimer which is the equation of the relativistic
hydrostatic equilibrium of a spherically symmetric mass in the GR [12].

The structure of most neutron stars can be divided into two main regions - the
core which can also be separated into the outer and inner and the shell. The neutron
star shell is also can be divided into solid crust and liquid ocean (Coulomb liquid).
Such a schematic representation of the structure of a neutron star is shown in figure 1.
[13].

According to calculations, the density of the inner core in a neutron star reaches
p = 2p,, the radius of which can be a few km. However, not all neutron stars have
an inner core, since for neutron stars with mass M > 1.4~1.5M; the density does not
reach 2p,. The results of calculating the composition and properties of matter in the
inner core of a neutron star strongly depend on the theoretical models being awarded
that describe collective fundamental interactions. For this reason, the composition of
the inner core of a neutron star remains a mystery to this day.

For most neutron stars, the outer core compose most of their masses. For this
reason, it is believed that this is a superfluid neutron liquid with components of the
superconducting proton, also muons and electrons. All these components degenerate
violently. As for the thickness, it is usually equal to a few kilometers, while the
density lies in the interval 0.5p, < p < 2p,.
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Figure 1 — Schematic structure of a neutron star.
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The shells of most neutron stars can be divided into the ocean from the Coulomb
liquid and into a solid crust that is divided into outer crust and inner crust. A plasma
gas atmosphere may exist on the surface of the outer crust of a neutron star in some
neutron stars, and there may be a liquid crystal mantle between the core and the crust.
The inner crust of a neutron star consists of nuclei forming a solid crystal where there
IS an abundance of free neutrons and electrons. In the outer crust, free neutrons can
decay.

The density of the inner crust varies from p =~ (4 —6) x 10'1g/cm™3 to
~5p,. The thickness can reach 2 kilometers. At a density of ~5p,, the atomic nuclei
of the inner crust make up a homogeneous mass. At equilibria of the inner crust, the
equilibrium of beta decay and beta capture occurs, which leads to an interesting
composition of the substance that cannot be obtained in laboratory conditions. In this
case, the nuclei of a substance are redundant with respect to neutrons. These nuclei
are in a liquid of neutrons and electrons. Such a state of matter is rather well
described in [14]. In the inner crust, neutrons are in excess. Estimates made by
special theoretical methods show that the critical superfluity temperature reaches 10°
K degrees. This is an order of magnitude higher than the kinetic temperature of a
substance in the inner crust. It should be noted here that the critical excess
temperature is highly dependent on the density of the substance.

The heat capacity of the inner crust of a neutron star, depending on the case, can
be determined by neutrons, electrons, atomic nuclei, and also by collective excitation
vibrations - phonons. Degenerate neutrons determine the pressure in the inner crust of
a neutron star. Atomic nuclei can become crucial in determining the specific heat if
there is a redundancy of degenerate neutrons. However, these nuclei in the inner crust
of a neutron star form a crystal lattice of the so-called Wigner crystal; therefore, to
completely determine the specific heat, the phonon contribution to the specific heat
must also be taken into account. If the temperature of the Coulomb crystal is lower
than the Debye temperature, then the phonons are frozen and the electrons can
become decisive in determining the heat capacity of the inner crust of a neutron star.
In the opposite case, the electrons are relativistic and extremely degenerate; therefore,
their contribution to the determination of the inner crust of a neutron star can be
neglected [12,15,16].

There are theoretical predictions that between the core and the inner crust of a
neutron star there should exist a so-called mantle which consists of exotic atomic
nuclei. With an increase in the density in a neutron star, the shape of the atomic
nuclei in the mantle can undergo changes due to Coulomb forces, since it is no longer
profitable for them to take the spherical shape instead, they become close in shape to
cylinders. Such a state of nuclei is also called the “spaghetti” phase. [14,17]. The
mantle consisting of such nuclei will no longer be on the nodes of the crystal lattice,
but will possess the properties of a liquid crystal. The mantle is not predicted by all
theoretical models, but only by some of them. It exists, for example, in the FPS
model, but in the modern SLY model there are no promises to the side of this
statement.
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In the outer crust of neutron stars, atomic nuclei are completely ionized
everywhere. The electrons in this layer are highly degenerate and free. As mentioned,
the outer shell can be divided into two parts, the outer layer and the inner layer. The
total thickness of the outer shell reaches up to a couple of hundred meters. The
thickness of the outer layer is only a few meters where the electrons are not very
degenerate. The pressure in the outer shell is created by degenerate electrons which at
a density p = 10%g/cm™3, become relativistic and at densities p > 10°g/cm™3
they are ultra relativistic. Also, at such kind of densities, the ions form a liquid whose
properties are mainly determined by the Coulomb interaction between ions (Coulomb
liquid).

With increasing pressure, beta capture by nuclei in the layer becomes ergetically
beneficial. This is due to a strong increase in the Fermi energy of electrons, which
leads to the enrichment of nuclei by neutrons. The boundary between the outer and
inner shell of a neutron star appears when the density reaches p = pg.;, and,
accordingly, free neutrons appear.

The outer boundary of the outer crust is usually located at the crystallization
point of the Coulomb liquid, which the ocean of the neutron star consists of. The
position of this point is determined by the density dependence of the melting point of
the Coulomb crystal. As was said, the outer crust is a crystal lattice and its boundary
is located at the crystallization point of the Coulomb liquid. This point is very
important in that its position is found from the density dependence of melting in the
so-called Coulomb crystal. If we disregard the interaction of electrons with ions and
consider ions like classical particles and consider a model of a single-component
Coulomb plasma, then crystallization of the crystal described above occurs at I' =
175. However, the authors of [18] obtained the value I" ~ 100-200, which corresponds
to a more realistic picture. The parameter I' determines the equation I =
(Ze)? JakgT — is the Coulomb coupling parameter characterizing the ratio of the
potential Coulomb energy of ions to their Kinetic energy, n; —volume concentration
of ions, a = (4mn;/3)~/3 ionic radius spheres, ky Boltzmann constant.

Depending on the temperature gradient in a neutron star, which depends on age
and how the neutron star was formed, the melting point for an ordinary shell is
calculated at a density p,,~10° — 102 g/cm3. The temperature gradient are also
known as a thermal structure of neutron star. If a neutron star has an extremely strong
magnetic field, that is, it is a magnetar, then it may not contain an atmosphere[19].

Based on the virial theorem, the upper numerical value varies is B~108 —
101° G. Depending on the type of neutron star and its type, the magnetic fields on
the surface of standard neutron stars are considered equal to B ~108 — 10° Gs. Such
values for magnetic field induction cannot be obtained in terrestrial conditions today.
[20, 21, 22]: Inside the neutron star, due to the combustion process, the magnetic
field also differs from the value on the surface. A magnetic field is also used to
explain abnormal X-ray pulsars and soft gamma repetitions.

To date, there is an incredible amount of theoretical models for describing field
generation. These models were proposed both for young neutron stars and for a
supernova explosion. All these models take into account many factors such as
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convection, thermomagnetic effects, differential rotation, magnetorotational
instability, and so on. But it is important to note that all these models encounter
specific difficulties when comparing with data on neutron stars. For example,
according to the “oa-Q model”, for a period of 30 ms, the pulsar’s magnetic field is
created by convection, then due to the existence of a differential toroidal magnetic
field (this field can rotate) it acquires the values B ~ 106G [23,24].

In [23], it is said that sources of a magnetic field can exist in a nucleus. In this
case, superconductivity forms protons in the nucleus, which is why this field will be
in the form of quantized magnetic tubes — Abrikosov’s vortices. Their transverse
dimensions will be microscopic values. Thus, the magnetic field of a neutron star is
supported by electric currents which, for theoretical reasons, can flow in the star’s
core or in the inner crust, that is, where there is high electrical conductivity. It must
also be said that there is an ohmic attenuation of the magnetic field in the nucleus of a
neutron star. It may exceed the age of the universe.

Evolution makes changes in many physical processes that in most cases are
interconnected, which leads to a change in the magnetic field of a neutron star [21].
We list only a few of them. Firstly, the ohmic field is subject to attenuation, secondly,
during stellar impacts, the magnetic field lines can reconnect, and also due to the
interconnectedness of the components of thermal conductivity, electrical conductivity
and thermoelectric coefficients of the plasma from the magnetic field and
temperature, a relationship is established between magnetic and thermal evolution.
Separately, it should be noted accretion onto the surface of a neutron star, which also
affects the magnetic field near the surface.

Due to the interaction of the Abrikosov vortices and the magnetic field with the
matter of the neutron star’s crust, changes in the evolution of the magnetic field can
occur. It should also be noted about the existence of a superfluid neutron fluid in
which Onsager-Feynman vortices exist, which in turn also affects the evolution of the
magnetic field.

1.3 Outer crust of non-accreting neutron star in equilibrium state and its
chemical composition.

It is known that the outer core of a neutron star consists of a homogeneous system
of electrons, protons and neutrons with a relatively low density. Such a homogeneous
system does not reunite in clusters. The reason for this lies in the fact that the range of
nucleon — nucleon interaction is much smaller than the average internucleon separation.
The electrons in the cortex are represented as a homogeneous relativistic Fermi gas and
they are free. This circumstance stems from the low density in the cortex. as a result of
the Coulomb interaction, the nuclei form a crystal lattice. The nuclei themselves are
formed due to the grouping of nucleons. This circumstance follows from the energy
gain for the system[119].

4 C 72

MZA) . Mg 2. 2 l
+ [Xcyo (Xg+yo )-In(x+y_)]-——5 P (1.1)
g.2, F'FVFF FIF7 0413 °F

E(Z,A;n) =

17



The first term depends only on the mass per nucleon of the nucleus in the crystal
lattice and is the contribution of the nuclei to the total energy. It is important to note
here that it is absolutely independent of the baryon density of the system (A4/V). The
scaled Fermi momentum x, = pg/m, depends solely on the electron-baryon fraction

Z / A: and the baryon density n. y = /1 + x2. is the scaled Fermi energy xz. The
second term is the contribution of a free Fermi gas of electrons with mass m,,.

Z Z
ple: - (37T2ne)1/3 - (372_2nz)1/3 - (Z)lls p,: (12)

The last term is the contribution of the electrostatic lattice (C; = 3.40665 X

1
1073). It is also a function of the Fermi momentum pr = (372n)3. Of course, one
cannot neglect this member, although his contribution is not large enough. Here we
can draw an analogy with the Coulomb term in the liquid drop formula[125]. Now we
consider a system where the pressure is determined mainly by degenerate electrons.
In such a system, the pressure at T = 0 is determined as follows:
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(1.3)

To determine the composition of the outer crust of a non-accreting neutron star,
it can be obtained by minimizing the chemical potential of the system under
consideration. In this case, calculations must be carried out at a fixed pressure, and
not at a fixed density.

2
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The relation among the baryon density and the pressure is provided by the
underlying crustal equation of state; see Eq. (1.3). where . is the electronic chemical
potential

To find the isotopic composition of the outer crust of a neutron star, the authors
of [121] did the following: First, for a given nuclear particle (Z,A) and also for
pressure P, we determined the baryon density of the system. This was done using the
equation of state. The corresponding baryon density of the system is given by p, and
U, Where pp — is the Fermi baryon momentum. u, — is the chemical potential. After
scanning all the given tabular mass values, the chemical potential i (4, Z; P) was
calculated; Then, the authors of [121] selected a combination of the proton and
nucleon numbers in such a way that they minimized the chemical potential
u (4,Z; P). At low densities, the authors neglected the electronic contribution to the
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total energy, which will certainly affect the nuclear chemical composition of the
neutron star’s crust. Defined in this way, the preferred nucleus with the lowest mass
per nucleon is Fe. It should be noted that during the calculation the pressure was kept
constant. With a deepening in the crust of a neutron star, density and pressure
increase. In this case, the electrons make a rather significant contribution to the total
energy of the system. In this case, the energy advantageous is to reduce the fraction
of electrons Z / A; in this case, it is necessary to increase neutron-proton asymmetry
accordingly. However, an increase in the asymmetry leads to an increase in the mass
per nucleon. The relationship between the electron contribution and the energy of
nuclear symmetry, which strongly affects symmetric nuclei, determines the type of
the most suitable nucleus. [121].
Summing up the work of the authors of [121], we can say that the outer crust of

a neutron star consists of a crystalline nuclear lattice immersed in an electron gas.
This electron gas, with an increase in pressure and density, favors a change in the
nuclei in the direction of more rich with neutrons. It should be noted that if the core is
in equilibrium, then there will be no free neutrons in the outer crust of the neutron
star.

Numerical calculations made in the work [121] using neural networks make it
possible to predict the chemical composition of the neutron star crust. Their basic
idea is to view the modeling of &,5),(Z, N) in equation

M(ZN)=M ou(@ZN)+ 5,4 (ZN) (1.5)

The problem with the statistical approach is that there are two different
interpretations of probability itself. The first one is that probability is a property of
the physical world often and this interpretation is called "frequentist”. Another
interpretation is called "Baysian™ and it is believed that probability arises from the
uncertainty in our knowledge of the physical world [124]. Thus, in the "frequentist"
interpretation, probability cannot be determined for a hypothesis or for a parameter.
However, in a Bayesian context, this approach is natural. The authors of [121] used in
their calculations an approach based on the Bayesian neural network (BNN) and it is
called the “universal approximator”. This universal approximator can approximate
any real function of one or several variables[122,123]. The result of simulation work
[121] is shown in Figure 2.

For illustration, the author considered a “canonical” M, = 1.4M, neutron star
with a radius of R, = 12.78 km as predicted by a realistic equation of state [120].
These two quantities are sufficient to define the boundary conditions at the edge of
the outer crust, namely, M(R,) = M, and P(R,) = P, ~ 0. Given P,, the
corresponding baryon density, energy density, and composition may be determined
from the minimization of the chemical potential[121].

However, according to the author himself, the simulation results are very
sensitive to nuclear masses in the 20 <Z <50 range.
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Figure 2 — Results of computer simulation using BNN approach from work [121].

1.4 Accretion of interstellar matter onto a single neutron star.

Nowadays, astronomers have discovered about 800 neutron stars. Of these, about 700
are radio pulsars, and the rest are x-ray sources. However, experts in astrophysics and
astronomy science suggest that their number should actually exceed tens of millions.
This circumstance is explained by the fact that during the evolution of the Galaxy a
large number of stars, including massive ones, died. However, the number of detected
neutron stars is much smaller, since there are huge difficulties in detecting them. If a
neutron star is one component of a binary system, then due to gravitational forces, the
mother pulls from an ordinary star to the surface of a neutron star, i.e. accretion. An
example of such a binary system can be a neutron star and an AGB star. Accretions in
such systems result in power radiation. Such emissions are usually detected using
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space telescopes. Most neutron stars detected in the x-ray range form binary
systems[5].

Theoretical studies show that a neutron star can be an isolated star resulting
from the explosion of a single massive star, the so-called natural star death[24]. It
should also be noted that the binary systems described above can decay as a result of
which an isolated neutron star is also formed. Thus, during the explosion of a more
massive star, about half of the entire mass of the system as a whole is lost (supernova
explosion) forming two single stars. In this case, one of them will be a neutron star.

With a radius of 10 km, an isolated neutron star is difficult to detect; one could
even say that it is impossible. Even if we assume that our single neutron star has a
high temperature, it does not seem possible to detect thermal radiation from a
distance of more than one kilo parsec today. However, the good news in this area is
that astronomers have found an excellent method of detecting single neutron stars.
For a single neutron star, there are two stages of evolution which gives us the
opportunity to deduct it. The first is the stage of ejections. The second is accretion.
Let us consider each of them from the position of finding a neutron star. The stage of
ejections takes a relatively short period of time in its evolutions, and therefore it is
not so attractive for using it as a detection method, and at the stage of ejections a
single neutron star manifests itself as a radio pulsar. But the stage of accretion of
matter onto a neutron star can take quite a long time and from the point of view of
observation it is the most suitable. The accretion of matter on the surface of a neutron
star is interesting in that there are many different processes that carry certain
information about the neutron star. However, accretion in most literature is regarded
as a process occurring in binary systems and not in single stars. Therefore, the
question arises of the origin of matter for accretions on a single neutron star.
Everything is simple here, the answer is interstellar medium. The idea of accretion of
interstellar matter onto neutron stars has been discussed for a long time by the
scientific community. We know that during IM accretion, energy is released to the
surface of a single neutron star, which we can detect using modern X-ray satellites,
such as ROSAT. You can read more about this in the works of A. Treves and M.
Colpy. Thus, in recent days, accretion onto a single neutron star has become popular
in the society of astrophysicists [25].

Specifically bright sources of this kind should be observed when neutron stars
goes through molecular clouds, since it is in them that the density of interstellar
matter is greatest. In this case, the radiation power depends on the density of the
medium and the speed of passage of a neutron star through it.

For example, if the speed of a neutron star relative to the surrounding matter is
sufficiently small, about a few kilometers per second, and the cloud itself will have a
high concentration (of the order of 102 — 10* ¢cm™3), then a so-called supercritical
accretion mode may appear with the formation of emissions of the type jets, which
are observed, for example, in the object SS 433 and in some young stars[26].

The classical theory of accretion is rooted in the 30s and 40s [27]. Accretion on
single NS began to be considered at the very beginning of the 70s [28], when it
became clear that accreting on the source of neutron stars are X-ray radiation.
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Although accretion, as we have found, occurs both in binary systems and on single

stars, their physics is quite different from each other, so far no accretion to individual

objects exists orbital momentum. It should also be noted that the rate of accretion is

several orders of magnitude lower when it comes to accretions on a single star [29].

For calculations in astrophysics, the key role is played by finding the accretion rate.
As we know, the rate of accretion of Bondi is given by equality[30]

M =7zR%p,9 (1.6)

o0

Modern works are aimed at taking into account various effects that can change
(usually reduce) the rate of accretion compared to the classic Bondi results.

M = op. 9, (1.7)

Let us to define the cross section . The radius of gravity capture is equal to[31] ( in
the case of spherical accretion):

R, =2GM /¢’ (1.8)

where c is the speed of sound in the IM.
There is a strong dependence between temperature and accretion rate.

M oc T % (1.9)

Heating cannot stop accretion [32], however, its rate can noticeably decrease. In the
case of cylindrical accretion (9., > c;), the formula for the radius of gravity capture
changes:

Ry =2GM /(¢ +%) (1.10)
And thus, for the rate of accretion, we have:

(2GM )’
mpw (1.11)

0

M =k

The proportionality coefficient k, depends on the speed of the NS. Roughly we
can put it equal to one. There are no exact analytical solutions in this case[31].
Also, the accretion rate depends on the magnetic field of a neutron star. For example,
in [33], a numerical simulation of spherical and cylindrical accretion onto a neutron
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star is considered. As calculations for spherically symmetric accretion show, the
accretion rate decreases. If you compare with the results of Bondi (classical results),
then it is less than about 2 times. The dependence of the rate of accretion onto a
magnetic dipole on the magnetic field and magnetic permeability of the medium is
established in formula (1.12):

Mdip e Mdip x (MB /ﬂz) (1.12)

where My is the Bondi accretion rate, n,, is the magnetic permeability.

As calculations show, if a neutron star has a magnetic field and accretion is
cylindrical, then the rate accretion decreases several times compared with the case
when the neutron star does not have a magnetic field [31]. Formula, (1.13) shows this
dependence:

M oc B3 (1.13)

Thus, modern studies show that the rate of Bondi accretion is the upper limit,
rarely realized in nature.

1.5 The diffusion of neutrons in the nonequilibrium crust of neutron stars.

The crust of neutron stars is of great interest, since it is in it that the processes
that determine the evolution of x-ray radiation in the post-accretion period occur. The
crust is traditionally divided into two parts: external (p < pgrip =~ 4 - 10 g/

cm?) - until the appearance of free neutrons, where the ionic crystal lattice is
immersed in a sea of degenerate relativistic electrons and internal (p < 2 -
101* g/cm3 is the nuclear density), where neutrons unbound in atomic nuclei are
formed (the separation energy of part of the neutrons becomes negative) and a free
neutron gas is formed. With the exception of the outer layer, the matter of a neutron
star is relatively cold, in the sense that the characteristic Fermi energies of a
degenerate substance are much higher than the characteristic thermal energies kgT
[34], nevertheless T~ 108 K [35]. If the substance during the earlier hot stage 7" =~
101! K [36] had sufficient time to achieve nuclear equilibrium, we can assume that
the matter in the crust is in the ground state. However, the accretion flux makes a
significant contribution to the evolution of a neutron star. The matter from the
accretion disk hits the neutron star and spreads uniformly on the surface. Within an
hour, the arrivals of hydrogen and helium due to 3a reactions, CNO cycle, ap-
processes, rp-processes burn up to heavy elements with Z up to 48 [37, 38], creating
the initial composition of the hard crust. The equilibrium of compact objects is
achieved due to the pressure of degenerate matter, which increases with the
compaction of the object. The newly arrived substance, increasing gravitational
pressure, contributes to the compression of matter in the crust, pushing it into the star.
The pressure and density in the element of the accreted substance gradually increase,
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and nuclear reactions begin that heat up the crust and make a significant contribution
to the thermal x-ray radiation of a compact object. The substance in the accreted crust
does not heat up above 10° K, which prevents the Coulomb barriers from being
overcome. As a result, the composition of the crust of an accreting neutron star
differs significantly from the equilibrium crust.

Thus, due to accretions, the neutron star is a binary system or a single star
independently, the composition of the crust differs from the equilibrium one.

With a deviation from equilibrium, the nuclear composition of the substance in
the layer of the crust of a neutron star is very different from the equilibrium. This is
primarily due to the existance of a significant number of free neutrons. The nuclei
apparently form a crystal lattice[39]; therefore, they can be considered immobile.
While, neutrons are free and can diffuse under the influence of a gravity and gradient
of concentration. The neutron concentration gradient can change sign in the
nonequilibrium layer, and, in particular, at the outer boundary it is always directed
outward (or equal to zero), since there are no free neutrons outside p < 10%u, g/
cm3. The force of gravity acting on neutrons is always directed inside the star. In a
nonequilibrium layer of the crust, pressure is determined mainly by electrons. The
ratio of the relativistic pressure of degenerate electrons P, and neutrons in the no
relativistic degeneracy P, approximation is

P _ 5310°p"° _2.8.10° ) Xs 14
Py 1.2:10%(p/ )" (1-x,)" (1.14)

For the maximum accepted value of the weight concentration of neutrons x,, = 0.5,
U, = 4(1 — x,,) for nuclei with Q,, = 0 at the inner boundary of the nonequilibrium
layer at a density, we have p, ~ 3-10u, g/cm3 we have (B,/P.)max = 0,3.0n
average, the role of gravity in neutron diffusion is predominant, especially at the
outer boundary, where the neutron pressure is negligible. At the same time, in the
dense regions of the nonequilibrium layer, a large neutron density gradient may
appear, the effect of which on diffusion may be important.

From the calculated point of view, the inclusion of the term with Z—: in the

diffusion equation increases its order and significantly complicates the solution.
There are also fundamental difficulties associated with the need to specify additional
boundary conditions at the layer boundary. This requires knowledge of the physical
conditions outside the nonequilibrium layer and the study of reactions with neutrons
occurring outside it. All this would greatly complicate the task, at the same time, to
obtain semi-quantitative results on the evolution of the layer and the luminosity of a
neutron star, it is enough to take into account in the diffusion equation only the main
term determined by gravity. Such a solution was obtained in [40]. The problem was
solved in a plane approximation under conditions of static equilibrium defined by the
equations
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here M is the mass of the nonequilibrium layer lying over a given radius r, counted
from the lower boundary of the layer, where P = P,. The atomic weight and charge
of nuclei depend on the Fermi energy of electrons, and therefore, on the density of
electrons. In the process of diffusion, a redistribution of matter in the layer occurs,
neutrons escape into the core of the star, as a result of which the density and chemical
composition of the substance in the layer change. With a decrease in the electron
density and Fermi energy, the nucleus is able to emit an electron, and then, due to the
presence of free neutrons, capture about four neutrons in order to arrive at a state with
Q,, = 0. In this case, the internal energy of the nucleus partially turns into heat. Thus,
when the density of matter decreases during the diffusion of neutrons into the star, the
nuclear chemical energy of the nuclei and neutrons is released. The transformation of
nuclei must be considered in the diffusion equation, since part of the neutrons joins or
detaches from the nuclei, and in the equation determining the energy balance in a
nonequilibrium layer. considering the transformation of nuclei, the diffusion equation
can be easily obtained in the approximation when the reactions of neutrons with
nuclei occur much faster than the diffusion process. This condition is always take
place with great accuracy.

The diffusion equation was also derived in the work[40]. For this, it was
assumed that in the layer of a unit area of thickness dr there are

AdN
&=n.dr +(4 ?] (1.16)

7R,

nucleons. dN, — the number of nucleus in the layer dr.

During diffusion, both n,, and A change, but N, does not depend on time.
The change in the number of nucleons in a given layer over time dt is equal to the
difference of diffusion neutron fluxes J,, (1 / cm? sec) at the boundaries of the dr
layer during time dt. Thus

E(t+dt)—&M)=[J, (N, +dN,) N, ) |dt (1.17)

Expanding in dt and dN, in (1.16) and (1.17) and dividing by dN,dt, we obtain the
diffusion equation

of dr A&,
atl "dN,  4zR?) oN, (1.18)
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with boundary condition J,(t,N) = 0. The flux J,, is defined in a system associated
with nuclei, and is positive if neutrons diffuse into the star.

In the process of neutron diffusion, heat is released, which is transferred to the
outside by heat conduction and radiated, and partially transferred inward and heats
the star. Generally speaking, it is necessary to solve the heat equation taking into
account the energy sources in the star.

According to the calculations performed in [40], neutrons primarily leave the
upper layers of the nonequilibrium region. When neutrons become negligible, the
density change will cease. A decrease in the number of neutrons due to diffusion
leads to a decrease in pressure P. Since P is determined by electrons, the number of
which only increases due to B decays, the layer must expand to maintain equilibrium.
At the same time, internal stresses increase in the hard crust.

Thus, due to the process of neutron diffusion, the core composition of the crust
varies greatly, as mentioned earlier, due to the fact that by decreasing the electron
density and Fermi energy, the nucleus is able to emit an electron, and then, due to the
presence of free neutrons, capture about four neutrons in order to arrive to the state
with Q,, = 0, the released heat is transferred to the outside by heat conduction and
radiated, and partially transferred to the inside and heats the star. Further in the next
subsection, we consider a chain of nuclear reactions, namely, the Pb-Bi cycle and its
energy contribution to the heating of a neutron star at various values of the neutron
flux.

1.6 «Isotopes Burn Up Software» and its test.

In Nuclear Physics, there are often problems where the property of a system
depends on the concentration of the isotopic composition of the system, which can
vary on time. Calculations of this kind are performed using burnup calculation codes.
An important part of the burnup calculation is the solution of the burnup equations,
which describe the rates at which the concentrations of various nuclides change.
Burnup equations form a first-order linear differential system of equations that can be
written

a N, (t) = AN, (t)_Gi o N, (t)+zi¢j ﬂ’j Nj (t) Pj—)i +Zi¢j o, oN, (t)Qj—>i (1.19)

where first term on the right side of the equation describes out coming concentration
of i - isotopes due to radioactive decay of these isotopes; second term describes out
coming concentration of i - isotopes due to radioactive capture of these isotopes;
third term is a concentration of incoming isotopes due to radioactive decay of j -
isotopes; fourth term is a concentration of incoming isotopes due to radioactive
capture of j - isotopes.

Further we consider the burnup system under the assumption that these
coefficients describing out coming and in coming are fixed constants for each
isotope.

The burnup equations can then be written in matrix notation as
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d
m N (t)=AN(t) (1.20)

Where N(t) € R"™ = nuclide concentration vector, which is can change in time. A €
R™™ = burnup matrix containing the decay and transmutation coefficients of the
nuclides under consideration which is not changes in a time.

-4 -Fo, LRy +Q  Fo,,, .. AP +Q . Fo.,
A= AP, +Q,Foy, -4, -Fo, o AP, Q. Fo,
- ; ; . ; (1.21)
21 Pl—m + Q1—>n F O1n 22 P2—>n + Q2—>n F Oypsn " _ﬂ’n -F 0,

Equation above can be formally solved by the matrix exponential method yielding the
simple solution

N (t)=N(0)exp(At) (1.22)

where the exponential of the matrix At is defined as the power series expression

e At _ ig(At)k (1.23)

with the additional definition A° = 1.

There are numerous algorithms for computing the matrix exponential such as
Pade approximation and Chebyshev rational approximation method(CRAM). Let's
consider on each method in more detail.

In solving the burnup equations with the matrix exponential method, it is
beneficial to estimate the character of the matrix eigenvalues, e.g., whether they are
real-valued or complex-valued, and, in the latter case, the magnitude of the
eigenvalues’ imaginary parts.

It is known that the general solution of system (1.20) is a linear combination of
functions of the form

t“e” cos(at)a,t'e” sin(at)b;a,b € R" (1.24)

where A = a +io runs through all the eigenvalues of A with @ >0 and k, [ <
m (1) — 1, where m (1) denotes the algebraic multiplicity of eigenvalue[126]. If all
eigenvalues of the burnup matrix are real, the concentration of each nuclide is a linear
combination of functions of the form f(t) = t*e%. In this case the eigenvalue
determines the rate of exponential growth or decay of the function f. On the other
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hand, an eigenvalue with a nonzero imaginary part w indicates that the solution has
an oscillating component with period T = 2rw.

The theorem in [126, P. 165] therefore gives a useful characterization of the real
parts of the burnup eigenvalues. The real parts of the eigenvalues of the burnup
matrix must therefore all be nonpositive. A purely imaginary eigenvalue would
correspond to a nondamped oscillation, which is physically unrealistic in the context
of burnup calculation. It can thus be deduced that the real parts of the nonzero
eigenvalues of the burnup matrix are always negative.

The characterization of the imaginary parts of the burnup eigenvalues is more
difficult. If the burnup chain does not contain any closed cycles—i.e., no paths from
any vertex back to itself exist in the burnup matrix—the matrix can be permuted into
a triangular form. In this case the eigenvalues are the diagonal elements, and hence,
all are real-valued and negative. The nonreal eigenvalues result from closed transition
cycles occurring in the burnup chain. However, not all closed transition cycles induce
nonreal eigenvalues, and in practice only a fraction of the eigenvalues of the burnup
matrix have nonzero imaginary parts.

A suitable mathematical method for establishing a link between the structure
and eigenvalues of a matrix is the computation of the strongly connected components
of the graph of the matrix. A strongly connected component is defined as a set of
vertices such that there exists a path from each vertex to every other vertex. If all of
the strongly connected components of a matrix are sorted topologically, the
corresponding systems of differential equations can be solved independently in this
order. The different cyclic components of a burnup chain can therefore be studied
conveniently by calculating its strongly connected components. If the burnup matrix
does not contain any closed cycles, the size of every strongly connected component is
one, and the solution of system (1.20) can be calculated by solving n ordinary linear
differential equations. The nonreal eigenvalues can therefore be identified with
certain cyclic parts in the burnup transition chain.

In [127] have computed the eigenvalues for a wide range of burnup matrices,
and based on experiments, it seems that they are generally confined to a region near
the negative real axis. Based on observations it appears that a prerequisite for a
nonreal eigenvalue is that the majority of the reactions involved in a closed cycle
have transition rates that are of the same order. In this scenario the slowest reactions
appear to have the most significance for the period of the oscillation. This seems
reasonable from a physical standpoint, as well. The cycle that is most likely to induce
oscillations appears to consist of an alpha decay followed by successive (n,y) and S~
reactions. An example of this kind of loop is the transition cycle resulting from the
alpha decay of Cm242. The decay constant of this reaction is of order 10-81/s (half-
life 162 days), and in a thermal reactor operating at full power, the corresponding
cycle typically induces three pairs of complex eigenvalues with imaginary parts of
order < 1078 [127].

The most obvious approach is to calculate the exponential directly from the
definition (1.23) using a truncated Taylor series. This approximation is naturally most
accurate near the origin, so it is ill-suited for burnup calculations, where the matrix
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norm ||At|| can become arbitrarily large. In some cases even increasing the number of
terms does not improve the approximation because of the accuracy limitations in the
computer arithmetic's. The accuracy of the series method can be improved by using
the method of scaling and squaring, which is based on the identity

eAt _ (eAt/m)m (1.25)

where m can be taken as a power of two, m = 2%, so that the norm ||At/m|| becomes
sufficiently small. The truncated series is then calculated for the scaled matrix, and
the result is squared by repeated multiplications. The accuracy of this technique may
be compromised, if the elements of e4¢ grow before they decay, as t increases.
Numerical problems are faced when this so-called “hump” is located between t/m
and t [128].

The most well-established method for calculating the matrix exponential is
probably the rational Pade approximation with scaling and squaring. For example, the
matrix exponential function expm in MATLAB is based on this approach. Although
this method generally outperforms the truncated Taylor series approach, it shares the
requirement of ||At|| remaining relatively small [128]. Accordingly, numerical
problems are faced when ||At|| > 1 and t~10°s, both of which are plausible values in
the context of burnup calculation. The rational Pade approximation gives as

(X)Zzp: (p+q_k)lp| (X)k

N .
Pa™ " = (p+a)ki(p-k)! (1.26)
_ < _(p+g-k)!p! ik
pa ™= Z (pr gy’ (1.27)
N (AAt)
exp(AAt) ~ 3 (1.28)
D o (A%

Another approach to rational approximation is to calculate the best
approximation on some subset of the complex plane. This approach was made
famous by Cody, Meinardus, and Varga [129] in 1969 in the context of rational
approximation of e~ in [0,0]. Let m,; denote the collection of all real rational
functions 7 ; of the form

(0
"1 ™ p, ()

(1.29)
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where p; is a polynomial of degree j or less.
It is known from approximation theory that there exists a unique 7y ; € my,;
such that

_ X s
sup |rk,| (—x)—e” |= |nfr {sup

Ir  (-x)—e*[}
K| e”k,l k,I

—0<X<0 —0<X<0

(1.30)

Establishing this approximation for given k and [ is not easy, but it can be done with
the Remes algorithm or the Carathéodory-Fejér method. It has been shown that this
Chebyshev rational approximation 7,;; converges approximately at the rate 9.37%
[130]. The contour plot of |e? — 714 14(—2)| is shown in figure 3, from which it can
be seen that this approximation is remarkably accurate in a wide region in the left
complex plane. From a computational point of view, it is advantageous that the poles
{6,, ... 6, } of the rational function 73; are distinct, so that it can be computed as a
partial fraction expansion [131].

KA.
Fk’l(z) =a, +zﬁ (1.31)

where « is the limit of the function at infinity and the scalars «; are the residues at
the poles 6;. Therefore, the values of «; and 6; depend on k. Equation (1.31) can
be derived by noting that |77, — ag| € m,_1) for which the result readily follows
from the residue theorem. It should be noted that the poles of 73, come in conjugate

pairs, so that for a real-valued variable x € R, the computational cost can be reduced
to half [127]:

ki2 O.

= _ [
rk,k(X)_ao +Re§x_9_ (1.32)
i
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Figure 3 — Contour plot of |e% — 1y,14(—2)| [127].

31



0

500

1000

1500
0

500

1000 1500

Figure 4 — The structure of the burnup matrix created for all isotopes existing in
ENDF data bases.

Table 1 — PFD Coefficients for CRAM Approximation of Order 14[134]

Coefficient Real Part Imaginary Part
0, —8.897 773 186 468 8 x 10° | +1.663 098 261 990 2 x 10!
0, —3.703 275049 423 4 x 10° | +1.365 637 187 148 3 x 10!
0, —0.208 758 638 250 1 x 10° | +1.099 126 056 190 1 x 10!
0, +3.993 3697105785 x 10° | +6.004 831 642 2350 x 10°
0s +5.089 345 060 580 6 x 10° | +3.588 824 029 027 0 x 10°
O¢ +5.623 1425727459 x 10° | +1.194 069 046 343 9 x 10°
0, +2.269 783829 2311 x 10° | +8.461 737973 040 2 x 10°
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a, —7.154 2880635890 x 107° | +1.436 104 3349541 x 10™*
a, 4+9.439 0253107361 x 1073 | —1.718 479 195848 3 x 1072
as —3.763 6003878226 x 1071 | +3.351 834 702 9450 x 1071
ay —2.3498232091082x 101 | —5.808 359 129 714 2 x 10°
s +4.693 3274488831 x 101 | +4.564 3649768827 x 10!
ag —2.787516194 0145x 101 | —1.021 473 399 905 6 x 102
a, +4.807 112 0988325 x 10 ° | —1.320 979 383 742 8 x 10°
@ —7.154 288 063 589 0 x 10~° | +0.000 000 000 000 0 x 10°

Table 1 — PFD Coefficients for CRAM Approximation of Order 16[134]

Coefficient Real Part Imaginary Part
0, —1.084 391707 869 6 x 10 | +1.927 744616718 1 x 10!
0, —5.264 9713434426 x 10° | +1.622 022147 316 7 x 10?
05 +5.948 152 268951 1 x 10° | +3.587 457 362 018 3 x 10°
0, +3.509 103 608 4149 x 10° | +8.436 198 985 884 3 x 10°
0s +6.416 177 699 099 4 x 10° | +1.194 1223933701 x 10°
O¢ +1.419 375897 1856 x 10° | +1.092 536 348 449 6 x 10?
0, +4.993 174737 7179 x 10° | +5.996 881 713 603 9 x 10°
Og —1.413 9284624888 x 10° | +1.349 772569 889 2 x 10?
a —5.090 152 1865224 x 1077 | —2.422 001 7652852 x 10™°
a, +2.115174 218246 6 x 10™* | +4.389 296 964 738 0 x 1073

+1.133 977 517 848 3 x 102

+1.019 472170 421 5 x 102
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Qy +1.505958 527 0023 x 101 | —5.751 405277 642 1 x 10°

as —6.450 087 8025539 x 10 1 | —2.245944 076 265 2 X 10?
g —1.4793007113557%x10° | +1.768 658 832378 2 x 10°
a —6.2518392463207 x 10 | —1.119039 109 428 3 x 10!
Qg +4.102313 683541 0x 1072 | —1.574346 617 3455 x 1071

Qg +2.124 853 7104952 x 1071¢ | +0.000 000 000 000 0 x 10°

Based on the expressions above, we developed the «IBUS» software package
(ISOTOPE BURNUP SOFTWARE)[44,46]. The «IBUS» software package has a
fairly convenient interface which is shown in figure 5 and is intended for both the
average user and users with programming experience (it has a built-in c-sharp
language compiler and an editor for code). This software package is designed to solve
the problems of determining the concentration of isotopes, as well as to determine the
reaction products under the influence of thermal neutrons. As a nuclear database for
determining the constants for each isotope such as reaction cross sections, half-life,
etc., «IBUS» uses ENDF / BVII.1 database with total memory 2,37Gb.

There are also two modes for loading data from the ENDF/BVII database. The
first mode is pointed mode, that is, when the user downloads data selectively for the
declared isotopes. In this mode of operation, the program reacts very quickly and the
calculation speed is quite good with a small number of isotopes since the calculation
is carried out according to the Pade algorithm and the burnup matrix is not too large.
The disadvantage of this mode is the neglect of possible reaction channels if they are
not indicated or follow from the region of the considered isotopes [46].
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Figure 5 — Interface of the «IBUS» software package [44,46].

The second mode of operation is automatic. In this mode, the program loads all
the specified parameters for the isotopes defined in the nuclear database. With this
mode of operation, the program takes some time to complete the data download, and
also automatically builds the burnup matrix for all isotopes in automatic mode, while
it occupies almost the entire RAM of the computer. This mode is suitable for
calculating with a small number of iterations. However, this mode takes into account
all possible reaction channels from the database. In this mode, the program finds the
exponent of the burnup matrix by the CRAM method [44,45].

Also, for optimization of calculation, both methods can be used at the same time
I.e. combined. For this, it is necessary to consider the analytical channels of our
interest or the necessary reaction channels and the associated isotopes. Then calculate
in the first mode for a relatively short period of time. Then for the same period of
time to calculate in the second mode. Analyzing the obtained calculation results, we
can determine the most suitable mode of the two. For example, if the results are
practically the same and there is no increase of the difference in time, then we can use
first mode in our simulation for a long period of time. Otherwise, we need to re-
analyze more thoroughly the isotopes and reaction channels that we did not take into

account in the first case. Thus, the software package «IBUS» [43,46] also allows
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sensitivity analysis. To do this, we need to load the reaction cross sections manually
in the first mode without using the nuclear database. Changing them every time you
start the program in both modes, you can analyze the sensitive reaction channel.

To test the «IBUS» software package[43,46], we performed the same
calculations as in [41], without additional restrictions on the reaction channels as was
done in [41].

The nucleosynthesis of heavy stable nuclei by successive captures of neutrons in
a weak neutron flux (the s-process) is terminated at large atomic weight by alpha
decay to isotopes of lead. Authors in [41] analyzed the details of this termination and
calculate the abundances of lead and bismuth isotopes synthesized by the exposure of
lighter nuclei to neutrons. They demonstrate that the results are nearly insensitive to
the poorly known neutron-capture cross-section of Pb-208. The continuous
distribution of integrated neutron exposures responsible for the observed abundances
has an anomalously large high-exposure component. This result suggests that the
bulk of the lead has been synthesized by special astrophysical circumstances rather
than by a smooth extension of the circumstances attending the synthesis for A <
200[41].

To achieve the goals, authors in [41] is considered Pb-Bi cyclic reaction chain
shown in figure 6.

Pb-Bi cyclic reaction chain

—p  [n,g)-reaction

\ B - decay
l_l a -decay

W

Figure 6 — Nuclear cyclic reaction chain Pb-Bi scheme.
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In this chain the last stable isotope of the s-process is Bi-209. When it captures
a neutron the region of unstable masses is entered, and the corresponding decay
schemes are indicated in figure 7, which is adapted from the Nuclear Data Sheets
(Gove 1965). The authors, making a theoretical analysis of the ground and isomeric
states of the isotopes Pb-210, Bi-210 and Po-210, come to the conclusion that the
neutron capture may be ignored in favor of the approximation that Bi-210

Bi +n_ Bi +n

. Y
S ’ \\\
BiEI!
F‘n:lﬁ:m n|
- W)
~ !z
215m Pol
052s
4.76m a
.B.
b2

Figure 7 — Nuclear cyclic reaction chain Pb-Bi and its isotopes ground and existed
state scheme( from Nuclear Data Sheets (Gove).

decays instantaneously to Po-210. Because the abundance of any nucleus in a chain is
approximately proportional to the total lifetime of that nucleus, moreover, the
abundance of Bi-210 may be taken to be zero at all times.

The situation is not so clear with regard to the fate of Po-210, however. Its
alpha-decay half-life of 138 days cannot be shortened by decay of excited states
because the excited states of Po-210 lie too high in excitation energy to compete
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thermally. If the lifetime of Po-210 against neutron capture is comparable to 138
days, the chain may form some Po-211, which quickly decays to Pb-207. In such a
case, moreover, the abundance of Po-210 in the chain will not be negligible, and its
decay to Pb-206 after the event will have to be included as a contributor to the Pb-
206 abundance. They(authors) regard this possibility unlikely, for reasons to be
discussed shortly, but we include it in this general discussion to allow for
astrophysical circumstances in which the lead isotopes may participate in a relatively
rapid neutron-capture chain. The differential equations in this case are

dPb®®
- = 4, (P0*®)Po™® — 4, (206) Pb*™® + 4, (205) N,
dPb?”
= 4, (206) Pb®™* — 4, (207) Pb*" + 4, (Po™°) Po**
208
dpdbt _ 4, (207)Pb™ _ 4, (208)Pb*® (1.33)
dBi209
" = 4, (208) Pb™® — 4, (209) Bi**®
dPo®*

— ﬁ'n (209) Bj2%° _la (P021O ) Po?l° _ ﬂ“n (Pozlo ) P20

The element abundances are represented by their chemical symbols except for
the chain abundance at A = 205 which is represented simply by N, s showed that the
evolution of the abundance distribution due to neutron captures could conveniently be
followed in terms of an exposure parameter

T = _[ n (t)v.dt (1.34)

where n,, is the free neutron density and v; = (2kT/m,,)*/? is a characteristic
thermal neutron velocity. For conceptual simplicity it can be chose to write the
coupled differential equations as a matrix equation:

d X
¥=Zx+b(f) (1.35)

where X = [Pb?°6, pp207 pp298 Bi209 pp210] — vector of an abundance and
b(T) = [quos, 0,0,0,0], lIIZOS = 0205N205(T). X —|S a matriX
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A, (210)
—O s 0 0 0
A, (210)
Ops 07 0 0 0
2 = 0 Ox7  ~Oug 0 0 (1.36)
0 0 O O 0
A, (210)
0 0 0 Ore —| 1+ —/In (210) O o

The symbol o, represents the usual thermal average of the neutron capture cross
section by the neutron velocity spectrum. The function ¥,,c = 0,45N,os 1S a Well-
known function of t, which depends on all previous sections in the chain and on the
identity of the initial isotopes from which the entire chain is generated. The solutions
of equation (1.33) in principle would be easily feasible if the matrix X had constant
elements. Unfortunately, this is not so, and as a result of this, the general equation
does not have analytical general solutions. The problem is not in cross sections, since
they can be considered constant, even if the temperature of an astrophysical event can
vary to some extent with time. The complexity is associated with the branching of
14(210)/ 21,,(210) [41].

But since 1,(210) is constant and equal to 138(days)~* while the flux during
the s-process varies from 10%° — 10°neutron/cm? , in the calculation,
They(Authors) can neglect the probability of neutron capture by the isotope Po-210,
assuming that all that is formed instantly undergoes alpha decay and turn into lead
isotopes P0-206, thereby forming the Pb-Bi cycle [41]. This allowed the authors to
reduce the number of differential equations. Given this, (1.35) can be written in the
form of a matrix equation 4 by 4.

Pb™) (04 O 0 oy |[PO*) (Wi
d | Ph® Ops Oy 0 0 || Pp¥ 0
dr| Pb*® 0 oy -Og 0 |[PH™ 0 (1.37)

BI® | | 0 0 oy -0y |B®) | 0

Equation (1.37) is a linear matrix equation with constant coefficients and can be
solved in essentially closed form. Following the notation of Clayton el at. (1961),
Authors of [41] choose to work with the functions W, (t) = o, N(1).

In matrix and unit vector notification (1.37) can be written as
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W _

d r \I’ + el 0205 W205 (138)

where W is the vector whose solution is sought, and W, s is some known function of
T which acts as a source function for the solution. Inasmuch as the s-process can
synthesize no lead with zero neutron flux, we have the boundary condition ¥(0) =
0.

Now the matrix M can be written as the product of its eigenvector and
eigenvalue matrices

M=AAB (1.39)

where A is the matrix of column eigenvectors, A is the diagonal matrix of
eigenvalues, and B is the matrix of row eigenvectors. The matrix M is singular, so
one of the eigenvalues, which we choose to call the first, is zero; A, = A;; = 0. For
the measured values of the cross-sections the second eigenvalue A, is a negative real
number, whereas A5 and 1, are complex eigenvalues, conjugate to each other, with
negative real parts. In principle two of the eigenvalues could be equal, in which case
it might not be possible to obtain a diagonal A. However, a slight adjustment of any
of the cross-sections within their experimental errors would eliminate this problem.

From matrix theory we have that AB = BA = I, where 1 is the identity matrix.
There remains some arbitrariness in the normalization of A and B, however, since we
may right-multiply A by any diagonal matrix and left-multiply B by its inverse
without altering any essential relation. For reasons of convenience to become
apparent below, we have adopted the convention that B;; = 1, and A will be adjusted
accordingly. The cross-sections, and hence the eigenvalues and vectors, depend upon
the temperature assumed for the s-process, and the reader is referred to Macklin and
Gibbons. At that moment the value of a,,5 been measured, but it is known to be a
small number consistent with the value we have adopted here. The seriousness of the
uncertainty in its value will be discussed later. The differential equation (1.37) may
easily be solved with the aid of this decomposition of the matrix M. If we multiply through
on the left by B we obtain

d
9. (Bw) = A(By) +(Be,) Gl (1.40)

Because A is diagonal this matrix equation can be written as four uncoupled
equations, and since (Be;); = 1, they are

d
E (B\ll)| = ﬂ‘l(B\I’)l T 0205 505 (1.41)
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These equations are solved with the aid of an integrating factor:
. AT f —At’ L} !
(BT)| = O 506€ je 5”205(2')(1’[ (1.42)
0

If recombine the matrix A Eigenvectors into vector and multiply on the left by A, we
have

4 T
LIJA = O Zl AiAo-zoee_ﬂiT J‘e_h SUzos(Tl)dTl (1.43)
i= 0

Thus the W, have been obtained in terms of 7 and of the eigenvalues and
vectors of their cross-section matrix. The source function ¥, is as yet unspecified,
except that it must vanish for large 7 since infinite neutron fluxes destroy all of the
A = 205 nuclei. This source function depends upon the seed nuclei for the s-process
capture chain and upon all of the cross-sections between the starting point of the
chain and A = 205, as explained by Clayton. But the integral of equation (1.43) is
clearly finite for all values of 7 and approaches an asymptotic value for very large .
However, for i > 1,e%4* will drop to zero for large 7 inasmuch as those eigenvalues
have negative real parts. Thus the asymptotic value of the integral is given by the
Ay = 0 term:

W, (90) = T A [ Waos (7)d7 (1.44)
0
If the W function are defined as the oN product per initial seed nucleus, then
[ W05 (r)dz =1 (1.45)
0

and the eigenvector A,, gives the equilibrium abundance of each isotope. The four
components of A; are equal because the equilibrium oN products must clearly be
equal. For each A the equilibrium value of W, will be designated by W4 (o) = ¥t as
in Clayton.

To calculate W,(7) explicitly from equation (1.43) it is necessary to make a
specific choice for ¥,,<(7). Because the neutron-capture cross-sections are energy-
dependent, ¥, depends upon the temperature assumed for the s-process. However,
Seeger showed that the shape of the W curves is nearly the same for all temperatures,
so that scale changes in 7 are adequate to transform from one temperature to another.
Clayton has explained that point in more detail. As a result we may use the 30-keV

cross-sections for A < 205 with the proviso that the r-scale be changed if the s-
41



process temperature differs significantly from 30 keV. The function ¥,,<(7) also
depends on the choice of seed nuclei for the s-process. We follow authors earlier
work and that in choosing the iron-abundance peak as the seed from which the s-
nuclei were generated. Clayton in has reviewed the reasons for this choice. Having
made those choices it is possible to write an exact expression for ¥, (7). The exact
expression for ¥,,s may be analytically integrated in equation (1.43) to give the
exact solutions for W,. The resulting series has such severe round-off error, however,
that it very difficult to evaluate even with the aid of the best computers. We therefore
abandon the exact solution in favor of an approximate solution of adequate accuracy.
Clayton showed in work that the function

W5 (7) = (m )(/u )m_l o (1.46)

closely approximates the exact solution has been shown in his previous work. For the
30-keV cross-sections the values of those parameters are p = 22.544 millibarns and
m = 35.397. The approximation has small percentage error except for small values of
T, Where it is much greater than the exact. The use of equation (1.46) as a generator of
the Pb abundances is therefore restricted to those values of r for which equation
(1.46) is a good approximation. Roughly speaking, equation (1.46) will be adequate
for values of t greater than one-half of that value 7,5 (max) for which (1.46) has a
maximum; that is, for

> ; 7, (max) = %m—l ~0.75 (L.47)

7

Substitution of equation (1.46) into equation (1.43) yields

Y, (7) = 0205; AL Jﬁ(ﬂf )" e gt (1.48)

The integrals are incomplete gamma functions with complex arguments and can be
evaluated by standard numerical technique [41].

The results of the simulation that have been made by the authors are illustrated
on the follow figure 8 and on figure 9.
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Figure 8 — The values of W, = 6aNa in units of millibarn-atoms as a function of the
parameter 7 in units of 10 neutrons cm resulting from the irradiation of one Fe®
nucleus The cross-sections used are appropriate to KT = 30 keV; 6,94 = 9.6, 0597 =
8.7, 0505 = 0.5and 0,55 = 12.1 in units of millibarns [41].
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Figure 9 — This display of W, is identical to that of figure 8 except that the value of
0,0g has been arbitrarily increased to 1.5mb for comparison [41].

Now having the results of [41] and having a complete picture of the calculation
and analysis carried out in [41], we will carry out our own simulation using the
IBUS(ISOTOPE BURNUP SOFTWARE) software package.

The difference between our calculations and those performed in [41] is that we
do not approximate the Pb—209, Bi—210, and Po—210 isotopes by artificially closing a
possible channel of neutron capture reactions. However, it is not possible to generate
a burnup matrix for all isotopes from the nuclear database and perform calculations
for a period of time of an astrophysical scale while maintaining the necessary
accuracy of calculation from the point of view of calculation time. For this reason, we
cannot use the automatic mode in the IBUS operation.

The most appropriate is to expand the range of considered isotopes artificially
removed in [41], namely, to include the neutron capture reaction for beta and alpha
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unstable isotopes Pb—209, Bi—210 and Po—210 and consider the accumulation of Bi—
211, Po-211, Pb—-210 and also of Po-210 itself, since it is considered in [41] that this
isotope performs instant alpha decay. Our calculation results are presented in the
figures below.

Neutron Flux = 10" neutrons/cm

18 -

! —— Pb206

161 —— Pb207

o Pb208

o —— Pb209

12 Bi209

. ——Bi210

S5 10- P6210

<ol —— Po211
Ild: J 1
= 064
044
024
0,04

0,2 — : : : : .

| T | T |
0 2000 4000 6000 8000 10000

s-process time scale £ = 10° years T = 3

Figure 10 — «IBUS» simulation result. Dependence of ¥, on time(years)
6208 == 15mb .
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Figure 11 — «IBUS» simulation result. Dependence of W, on time(years) 6,94 =
9.6, 0,97 = 8.7, 0505 = 0.5and 0,95 = 12.1 in units of millibarns.

The results obtained by the IBUS software package [43,46] which is shown in
figure 10 and figure 11 coincide with the results of work [41,42], with the exception
that in our case a slight accumulation of the Po-210 isotope is observed. This
circumstance is explained by the fact that in the work it was believed that the Po-210
isotope performs instant alpha decay. This circumstance is explained by the fact that
in the work it was believed that the Po-210 isotope performs instant alpha decay.
However, its half-life is 138 (days).

1.6 Numerical calculation of the intensity of cyclic reactions.

In the literature, an X-ray pulsar means a neutron star. However, this neutron
star is not ordinary but has a strong magnetic field and rotates very quickly. It is not
easy to detect such a neutron star if it is single. However, the so-called binary system
is often found paired with an ordinary star. In such binary systems, a neutron star
draws gas from its component onto itself. This process in astrophysics is known as
accretion. In the process of accretion, the trapped gas acquires a high speed and
begins to rotate around a neutron star, while the gas begins to compress and warm up.
A so-called accretion disk is formed. Due to the fact that a neutron star has a
sufficiently strong magnetic field, the gas penetrates a little into the magnetosphere of
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a neutron star and slows down. However, the matter from the accretion disk is quite
strongly ionized, therefore it cannot radially fall onto the surface of a neutron star,
instead, it flows along magnetic lines to the poles of the neutron star, thereby forming
an accretion flow of matter, which is shown in Figure 12. The substance is very hot
and emits X-rays when incident on the magnetic poles of a neutron star and look like
repeating signals with a period from thousandths of a second to several
minutes[145,146,147,148].

Figure 12 — the Accretion disk and the accretion flux that flows to the poles of a
neutron star [143].

An accretion stream contributes significantly to the development of a neutron
star. The substance from the accretion disk falls on the surface of a neutron star and
spreads uniformly over it. The newly income substance from accretion disk,
increasing gravitational pressure, contributes to the compression of matter in the
crust, pushing it into a star. In this case, the accretion process turns the crust of
neutron star from the equilibrium state, as a result the crust of the neutron star
becomes non-equilibrium. The nuclear composition of deviated from equilibrium
crust is very different from equilibrium crust of the neutron stars [39,144]. This is
primarily due to the presence of a significant amount of free neutrons in the crust of
the neutron star. These free neutrons can diffuse under the influence of the
concentration gradient and gravity [40]. The neutron concentration gradient can
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change sign in the nonequilibrium crust, and, in particular, at the outer boundary it is
always directed outward (or equal to zero), since there are no free neutrons outside.
whereas, the force of gravity acting on free neutrons is always directed inside the star.
It should also be noted that free neutrons can occur in the inner layers of the
outer crust of a neutron star. In superdense crystalline structures of the outer crust of
neutron stars, nonlinear interactions exist. This nonlinear interaction is associated
with an extremely small lattice parameter which is much smaller than the size of
electronic atomic orbits. Such crystals stimulate the formation of excited states of
nuclei in electron capture reactions and support their long-term existence. It was
shown that an increase in the density of the number of such nuclei and their nonlinear
interactions lead to the generation of high modes and induced radiation in the crystal,
which, in turn, can cause reactions with generation free neutrons from the nuclei
[142]. These knocked-out neutrons become free and, due to the presence of a
concentration gradient, can be transferred to the upper layers of the outer crust of a
neutron star, thereby forming a free neutron flux [140].
When a substance in a binary system flows from an ordinary star to a neutron
star, we are able to detect an X-ray pulsar. The component of a neutron star can be a
giant or a supergiant, while the stellar wind of these stars that throws matter into
space must be strong enough for the neutron star to be observable. Also in some
cases, the component may be a small star, similar to the Sun, which filled its share of
Roche. Recall that the Roche lobe is the region beyond which matter is no longer
held by the gravity of these stars and is attracted by the gravity of a neutron star (see
figure -13) [149].

e
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Figure 13 — Stages in the life of a binary system as a common envelope is formed.
The black line is the Roche equipotential surface.
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About half of the stable nuclei heavier than iron are believed to be synthesized
during the late stages of evolution of stars with masses in the range 0.8+8 solar
masses. These elements are then expelled into the interstellar medium by the stellar
winds from the surface of the stars. These occurs when the star is in the "asymptotic
giant branch™ (AGB) phase of its life. Nuclei (mainly iron) deep inside the star slowly
capture neutrons and progressively build up heavier elements (the "s-process™). The
s-process accumulates synthesized material with atomic weight in Pb-Bi. region.
Therefore, such stars will have large excesses of lead compared to other heavy
elements.

The discovery of a large amount of lead with a low metal content in three stars
(HD187861, HD196944, and HD224959) was reported in [141]. Their analysis
showed that these stars are highly enriched in lead than any other element heavier
than iron.
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Figure 14 — An extended scheme of a cyclic nuclear reaction.

Thus, the synthesized lead inside the star’s AGB during the expansion of the star
fills the Roche lobe and by accretion is pulled by the gravity of the neutron star to its
surface. A stream of compressed lead falling onto the surface of a neutron star takes
its outer crust out of balance, thereby causing various processes that lead to the
appearance of a significant amount of free neutrons on its surface, such as a star
quake, neutron diffusion, etc. The isotopes of lead from the accretion due to the
interaction with the free neutron flux triggers the cyclic nuclear reaction Pb-Bi.
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To calculate the number of emitted gamma quanta in such a scenario, we
considered all isotopes forming subcycles near the main Pb-Bi cycle [44]. See figure
14,

As can be seen from figure 14 along the lead isotopes between Pb-206 and Pb-
211 as a result of interaction with neutrons, four cyclic reactions can occur, some of
which at relatively small ( 101° — 108 neutron/cm? ) is not realized since the beta
and alpha decay times of unstable isotopes are much shorter than the average neutron
absorption time.

However, in our calculations, we did not make a detailed analysis for each
branch with the aim of simplifying and artificially stopping the formation of new
isotopes. Instead, in the calculations carried out using the «IBUS» software package,
we took into account each reaction channel and, through direct calculations, found
out the possibility of the formation of one or another reaction channel for a specific
neutron flux.

The calculation results showed that in the limit ( 1013 — 108 neutron/cm? ) of
the neutron flux, only the first three cyclic reactions of the possible four shown in
figure 15 are realized.

fi - decay
P021|] - P0211
- Mg
a - decay Bizﬁg - B0 _, pjit

PbZIH - PbZI]S - PbZI]ﬁ - PbZI]T _’PbZIJB - PbZI]'J - Pble] - Pbm

nZI]ﬁ - TIZI]T

Figure 15 — three cyclic reactions of the possible four.
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In modeling, we consider that the property of matter on the surface of a neutron
star coincides with properties in terrestrial or laboratory conditions (that is, it is not
superdense). We also consider that the initial isotopic composition of accreted lead is
similar to the percentage of isotopes of natural lead [44].

The below figure 16 shows the result of the emission of the number of gamma
quanta of (n,g) reaction by each isotope of cyclic Pb-Bi reactions resulting from
accreted lead which is irradiated with neutrons ( 1013 — 108 neutron/cm? ) [45] .
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Figure 16 — The intensity of gamma rays of (n,g) reaction at the equilibrium stage for
neutron flux 10'° neutron/cm?.

Due to the difficulties associated with determining the exact concentration of
neutrons in an accreted substance on the surface of NS, we calculated the amounts of
gamma quanta emitted by the cyclic Pb-Bi reaction as a function of the neutron flux.
The result of which is shown in figure 17.
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Dependence of gamma radiation
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Figure 17 — The intensity of gamma rays released by Pb-Bi cycle depending on
neutron flux.

The results of the work show that with an increase in the neutron flux up to 1018

the number of gamma quanta cycles reaches its upper value and a further increase in
the neutron flux does not lead to an increase in gamma quanta [45].
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2 THE PROPAGATION OF GAMMA RADIATION IN THE
MAGNETOSPHERE OF NEUTRON STARS

2.1  On measurements of the polarization of gamma radiation of
astrophysical objects.

Although about several hundred pulsars were detected in hard X-ray and gamma
radiation, and their temporal and spectral parameters were considered with enough
good accuracy, there is not complete data on the polarization properties of these
astrophysical objects. Very few space experiments have been performed to study
polarizations in hard radiation. Very few space experiments have been performed to
study polarizations in hard radiation. Mostly, solar flares were observed, such as
polarization measurements on the InterCosmos [105] and Coronas-F [106] and
RHESSI satellites, a space observatory that makes it possible in principle to polarize
the detection of solar flare gamma rays and cosmic gamma-ray bursts[107].

@ No association 8 Possible association with SNRor PWN ~ x AGN
% Pulsar A Globular cluster * Starburst Galaxy ¢ PWN
8 Binary + Galaxy 0 SNR # Nova
* Star-forming region @ Unclassified source

Figure 18 — Distribution in the sky of all point sources discovered by the 2018
LAT[107].
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Polarimetry can diagnose specific phenomena in cosmic sources in the ranges of
radio waves and optical energies, though very paucity results are accessible for high
energy photons. To date, the only essential observation in the X-ray energy range is
the measurement of the linear fraction of polarization P = 19 + 1% of the radiation of
the Crab nebula with an energy of 2.6 keV using the Bragg polarimeter on board the
OSO0-8. At higher energies, telescopes with hard X-ray and soft gamma radiation that
flew into space in the past (for example, COMPTEL CGRO, ) not suitable for
measuring polarimetry, since they do not have sufficient sensitivity to polarization.
However, with the active mission of INTEGRAL IBIS and SPI, some improvement
was achieved. The measurements of P = 28 + 6% (from 130 to 440 keV) and P =47 +
19-13% (from 200 to 800 keV) were achieved for the Crab Nebula [86].

A number of Compton telescope polarimeter designs have been developed, with
a variety of recording technologies such as such as scintillator arrays POGO,
GRAPE, POLAR, Si or Ge microstrip detectors MEGA, ASTROGAM or
combinations of those (Si + LaBr; for GRIPS, Si + CslI(Tl) for TIGRE,
semiconductor pixel detectors CIPHER, liquid xenon LXeGRIT and gas mixture CF4
at 3 atm ) time projection chambers (TPC)[86].

It is assumed that the hard radiation of astrophysical sources contains highly
magnetized neutron stars, which should be more or less polarized. This can be caused
by the geometry of the emitting regions, i.e., by the accretion disk (in the case of a
neutron star in a binary system) or by the configuration of the magnetic field and also
by the high anisotropy of the primary electron beams. Another reason is related to the
influence of certain physical conditions in the magnetosphere of a neutron star on x-
ray and gamma radiation.

Effects where polarization of gamma radiation is observed can also occur in
other physical processes. In particular, this is due to the influence of sufficiently
strong electromagnetic fields on gamma radiation. The supreme value is so called
Schwinger field B, = m?c®/(eh) = 4.41-10"G , which the non-linear
electrodynamic effects in vacuum is important. However, in terrestrial conditions, we
encounter difficulties associated with the inability to obtain such strong magnetic
fields for testing by nonlinear electrodynamics. But in space such fields are not so
rare.

Most gamma-ray pulsars, according to theoretical calculations, have magnetic
fields comparable with the Bq value, but for magnetars it will be even higher and
reach about 10> G. Thus, in the most suitable astrophysical objects, which has
favorable conditions for nonlinear electrodynamic effects, are magnetars. According
to theoretical calculations, such effects as birefringence in vacuum can be observed in
its vicinity [62, 82, 108].This effect may have different manifestations. One is the
dramatically increases the linear polarization of the thermal radiation of the isolated
neutron stars [109], from a level of a few per cent up to even 100 per cent, depending
on the viewing geometry and the surface emission mechanism. Currently, this
vacuum non-linear electrodynamics prediction can be tested by measurement of a
polarization degree of isolated neutron star thermal emission. First observations
[110] of optical polarization from a thermally emitting isolated neutron star RX
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J1856.5-3754 shown that a linear polarization degree of this star thermal emission is
16.43+5.26 per cent.

It is arguing in [110] that, independently on how thermal photons are
produced, such a high value of linear polarization in the signal is extremely unlikely
to be reproduced by models in which QED vacuum polarization effects are not
accounted for[86].

In the next three paragraphes we will show how to take in account quantum
electrodynamics effect for vacuum polarization.

2.2 Nonlinear vacuum electrodynamics.

It is well known that Maxwell's electrodynamics in vacuum is a linear theory
and it's predictions on a wide range of issues that do not affect the subatomic level are
constantly confirmed with increasing accuracy[49]. It is known that one of the most
reliable physical theories capable of describing various processes occurring in atoms
IS quantum electrodynamics. Quantum electrodynamics, in turn, is based on
Maxwell's electrodynamics

However, some of fundamental physical considerations indicate that it is only
the first approximation of the more general nonlinear theory of electrodynamics of
vacuum.

At present, there are two nonlinear generalizations of Maxwell's equations and
both of them are best known in the scientific literature. One of them was proposed by
Born and Infeld [50]. The Born-Infeld's nonlinear electrodynamics is based on a
classical theory and uses Lagrangian:

1

4rra’

L=— [J1+a*(B? —E?)-a’(BE)? -1] 2.1)

Where a- is a constant, which has a dimension inverse to the dimensions of the
magnetic field induction.

Born and Infeld determined this constant by the supposing that the rest energy
of electron £, has electromagnetic origin. From this supposing the value of the
constant is  1/a = 9.8 10*°G. However, from the standpoint of modern theoretical
physics, it is quite obvious that it is impossible to represent all the interactions of
nature as a single nonlinear electromagnetic interaction.

The main part of the electron's rest energy is the energy of the spinor field, so
the energy &, of its electric field, at least, does not exceed half of the rest energy:
E, < Ey/2. It follows that 1/a < 2 -10*>G. We will use this assessment further.

Thus, although the Born- Infeld's theory has a determined Lagrangian, largely it
is phenomenological. Therefore, it needs a measurement the value of the parameter a
in the experiment or at least estimate its limit from the above[75].

In nonlinear electrodynamics of Born-Infeld the vectors D and H are the
functions of following vectors B and E:
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E+o’(BE)B
J1+a*(B*~E?) - a*(BE)’

B-o2(BE)E (2.2)
JL+a*(B*~E?) -a*(BE)’

D=

H

It should be especially emphasized that at present there is no any experiment
that would reject this theory.

In laboratory conditions, the values a?E? and a?B? are significantly less than
one. In this case, the Lagrangian (2.1) can be expanded in small parameters a?E? «
1and a’B* < 1.

2

1 2 2 2\2 2
L=——(B'~E")+——[(B'~E")' +4(BE)’] (2.3)

The first part of this expansion is the Lagrangian of Maxwell electrodynamics, and
the rest of expression is a correction according to the indicated small parameters.

From the effect of polarization of electron-positron vacuum by electromagnetic
fields follows another non-linear generalization of vacuum electrodynamics.
According to quantum electrodynamics [51], Maxwell's linear electrodynamics is
only the first approximation of more general nonlinear electrodynamics (in
vacuum),which is applicable in the case when the magnitude of the electromagnetic
fields B and significantly less than the characteristic E is quantum-electrodynamics'
value[76].

B, =m’c’/en=44110"B, =m’c’ (2.4)

where m is the electron mass, e is its charge modulus, & is the Planck constant.

In this theory, the exact form of the Lagrangian is not yet determined; however,
for “small” electromagnetic fields, the corrections to Maxwell Lagrangian in the first
order of the perturbation theory of quantum electrodynamics have a strictly defined
form. As [52-56] calculations show, for weak electromagnetic fields B < By, E <
B, the first two terms of the expansion in small parameters of a nonlinear Lagrangian
which describes electromagnetic field in vacuum (B* — E*)/BZ and (BE)/BZ,
should have the form:

L:—L(BZ—E2)+ [(B2 E*)?+7(BE)’] (2.5)
8

360 ‘B

where a = e?/hc ~ 1/137 — is the fine structure constant.
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Comparing expressions (2.3) and (2.5), it is easy to notice that even in the
approximation of the "weak™" electromagnetic field these theories are different, since
there is no choice to reduce these expressions to one another by the choice of
constant.

If we consider only those theoretical models in which the equations of
electromagnetic fields must be obtained from the general covariant Lagrangian, then
the equations of the electromagnetic field in nonlinear vacuum electrodynamics are
similar to the equations of macroscopic electrodynamics:

rotHzl@+4—ﬂj, divD =47
c ot C
10B (26)
rotE=—-=-—, divB=0
c ot

However, the form of the equations D = D(B,E) and H = H(B,E) in different
Lagrangian models is different and is entirely determined by the specific type of
Lagrangian L = L(B, E):

D=4zt H=-_a,%t 2.7)
oE OB

Other field models of nonlinear vacuum electrodynamics are also considered in field
theory. It is quite obvious that in other theoretical models of nonlinear
electrodynamics, the coefficients at the terms (B? — E?)? and (BE) in the
expansion of the Lagrangian can be completely arbitrary.

Therefore, to choose nonlinear electrodynamics that is most adequate to nature,
it is necessary to calculate nonlinear effects in various theories and compare their
predictions with the results of the corresponding experiments.

To simplify the calculations in the weak electromagnetic field approximation,
we will use the parameterized post-Maxwell formalism developed in [57-59], which
is very similar to the parameterized post-Newtonian formalism widely used in the
theory of gravity [60].

According to the post-Maxwell formalism, the generalized Lagrangian of
nonlinear vacuum electrodynamics in the case of weak fields can be written [59, 61-
63] in a parameterized form:

—0
. :_%{2‘]2 +&[(m, - 2772)‘]22 +4n,J,]+ §2[4(771 m,— 27722 —1,)3,d, +

1
+§(6f74 — 67, +127; + 177 —11,)3; + O(E° I}
(2.8)
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where J, = F, F¥ ], = F, F*™F, FY% - are invariants of the electromagnetic
field tensor, g — determinant of the metric tensor g;,, € = 1/B2, and the value of
the dimensionless post-Maxwell parameters 1n,,71,,n5,1n.  depends on the
choice of model of nonlinear electrodynamics of vacuum|[75].

In particular, in non-linear electrodynamics of Heisenberg-Euler [64], which is
a consequence of quantum electrodynamics, the parameters n,,n,,1n5 and n, have
specific values

a 7a
=— =51.10%,7=—-=9.0-10"°
' 451 T2 1807
(2.9)
=2l C 4400 =B TC 53400
® 1057 202572 ' M 12607 324077 '

while in the Born-Infeld's theory[50] they are expressed in terms of the same
unknown constant a®: 1y =1, = a®*B; /4, n3 =n, = —a*B;/8.

With this approach, each nonlinear electrodynamics will correspond to a well-
defined set of post-Maxwell parameters n,; and n,. From the point of view of
experiments performed in a weak electromagnetic field, one nonlinear
electrodynamics will differ from another only by the values of these parameters.

Substituting expressions (2.8) into expression (2.7), we find the vectors D and H
of the parameterized nonlinear vacuum electrodynamics:

D = E +2&{n, (E? — BY)E + 27,(BE)B} +

+2&2{ (61, — 6mm, +1217, + 1 —ny)(E* —B*)E +
+(mn, — 215 —n,)[6(E* - B?)’E + 4(EB)’E +
+4(E* - B*)(EB)B]}.
(2.10)
H =B +2&{n, (E2 - B*)B + 21,(BE)E}

+ 24:2{(6774 — 617,77, +:|-27722 + 7712 - 773)(E2 -B*)’B
+ (771772 - 27722 - 774)[6(E2 - 82)2 B + 4(E B)2 B
+ 4(E* - B*)(EB) El}

Thus, post-Maxwellian formalism, abstracting from the details of one or another
nonlinear electrodynamics, from its equations, hypotheses and postulates, from
everything that constitutes its complete theoretical scheme, takes only the final
result: an expansion of the Lagrangian, which, according to this theory, is fair in
the approximation of a weak electromagnetic field. Further analysis of the
theories and finding out whether their predictions are consistent with the
results of experiments is of a general nature and boils down to answering two
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questions: what values of post-Maxwell parameters has the theory under the
study and what are these parameters equal to according to the results of the
experiments[75].

Therefore, one of the tasks facing mathematical physics is the calculation
of "weakly" nonlinear electrodynamics' effects irrespective of any nonlinear
theory: the task of theory and experiment in this case should not be only the
search for one effect or another that will disprove one or another nonlinear
electrodynamics, but also systematic calculation and formulation of
experiments to determine with the required accuracy the values of all post-
Maxwell parameters[75].

As is well known, the nonlinear electrodynamics of vacuum for a long time did
not have experimental confirmation and therefore was perceived by many people as
an abstract theoretical model. The experiments posed recently and described in Ref.
[48] related to the inelastic scattering of laser photons by gamma radiation confirm
the nonlinearity of theories of vacuum electrodynamics. However, as was said, there
are various models [50, 51] of nonlinear electrodynamics of vacuum. Due to the fact
that there are also predictions [65, 66] of these theories that can be tested in an
experiment on the nonlinear electrodynamics of vacuum, it requires serious attention
from scientists.

Nonlinear effects in vacuum, according to theoretical calculations, should

manifest themselves with a characteristic magnetic field induction
2,2
B =m c

¢ == ~441-101%G.

Thus, at magnetic fields B~10°G, obtainable under earthly conditions,
nonlinear electrodynamics' effects are so small [27,33,37-39] that it is very
problematic to observe them in the near future. However, under terrestrial conditions,
one experiment has already been done [48], which showed that vacuum
electrodynamics is indeed a nonlinear theory.

In this experiment, laser radiation with a wavelength of 527 nm was subjected to
backscattering by an electron beam with an energy of 46.6 GeV at the Stanford
Electron-Positron Linear Collider (SLC), generating gamma rays with an energy of
29.2 GeV. According to the energy of the process, if vacuum electrodynamics is a
nonlinear theory, then the scattering of four or more laser photons on a gamma
quantum can lead to the production of an electron-positron pair. In the experiment,
106 + 4 positrons were observed. Thus, the authors claim about the first observation
of inelastic scattering of light by light[48].

However, in quantitative terms, the results of this experiment do not allow one
to distinguish one nonlinear model of electrodynamics from another. It should also be
noted that the production of an electron-positron pair in this experiment is also
possible with other reaction channels, for example, when five or more laser photons
are scattered by an electron beam with an energy of 46.6 GeV.

Therefore, it is necessary to continue the development of methods of
mathematical physics to study the effects of nonlinear vacuum electrodynamics on
purpose to identify its basic laws.
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2.3 Magnetars.

Such vacuum principles can be studied using the strong electromagnetic fields
of astrophysical objects [70-72]: pulsars and magnetars, which have magnetic dipole
fields of B~1013G, unattainable in laboratory conditions.

In the present work we consider the problems of nonlinear electrodynamics of
vacuum with such sources of an external electromagnetic field[76].

Modern observational data from astrophysics show that neutron stars are
distinguished by the extremely characteristics of matter: enormous densities of
matter, comparable to the density of matter in atomic nuclei, super strong
gravitational and magnetic fields. Therefore, the study of neutron stars and the
processes occurring around their surfaces allows us to investigate the properties of
matter in unusual states which are unattainable in terrestrial conditions.

For the study of nonlinear electrodynamics' effects occurring in astrophysical
conditions, the main interest is not only pulsars, but also is magnetars. Therefore,
let's describe the main characteristics of these astrophysical objects.

Neutron stars consist mainly of neutron matter with a density of p~ 10'* —
10 g/cm3. From the observational data it follows that the mass of a typical neutron
star is comparable to the mass of the Sun, and its radius R, is concluded [73,74] in
the range from 7 km to 200 km. Therefore, the dimensionless gravitational potential
7,/R, = 2GM / (c*R,) on the surface of neutron stars lies in the range: 0.1 > r,/
R, > 0.001.

Many neutron stars have a dipole magnetic field:

_3(mr)r—r’m

B =

(2.11)

where m is the magnetic dipole moment.

Outside of a neutron star, due to the presence of a super strong magnetic field,
the magnetosphere is formed, the radius of which can reach several star radii.

This magnetosphere is, as a rule, transparent for the low-frequency part of the
electromagnetic spectrum. It can only be guaranteed that the magnetospheres of
neutron stars are transparent in the region of x-ray and gamma radiation.

The gravitational field of a neutron star is created by its substance, as well as a
magnetic dipole field with charged particles in the magnetosphere. Since the energy
density of the substance of compact neutron stars ~ 103®erg/cm3 is more than six
orders of magnitude greater than the maximum energy density of the magnetic field,
even in the case of a magnetar, the star matter makes the main contribution to the
gravitational field. Assuming that it is spherically symmetric distributed, the
Schwarzschild metric(see chapter 2.4) can be used as the metric tensor of pseudo-
Riemannian space-time [73]:

r
Joo :1_Tg O, =——— g, =17, g,, =—r’sin’o, (2.12)

r—r,
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where 1, is the gravitational radius of a neutron star.

Pulsars and magnetars rotate around the axes, which often do not coincide with
the vector of the dipole magnetic moment.

There are two possible scenarios for the accretion of matter onto a neutron star:
the first is by capturing matter from the stellar wind of the companion, the second is
by flowing out of a donor star through a Roche lobe. The accreted flux of matter is
strongly ionized near the neutron star due to the strong magnetic field and moves
along the lines of force of the magnetic field and then falls on the poles of the neutron
star. To date, two mechanisms for the emission of electromagnetic radiation in the x-
ray and gamma spectrum are known for neutron stars. The first mechanism is
associated with the effect of accretions that occur in close binary systems. The second
mechanism occurs in single pulsars and is associated with the rotation and strong
magnetic field of a neutron star.

The number of pulsars emitting electromagnetic radiation in the gamma
spectrum to date has been discovered about ten.

It is assumed that gamma pulsars are magnetic neutron stars whose field on their
surface is characterized by values of ~ 102 Gs.

In the past few years, a special class of so-called anomalous or six-second
pulsars (magnetars) has been established, whose properties differ significantly from
the properties of conventional accreting pulsars that are part of binary systems with a
massive optical companion [74-76]. Magnetars are objects containing neutron stars
with a super strong (~ 101°G) magnetic field. Nowadays, six magnetars are known
[77].

Thus, pulsars and magnetars have magnetic fields of B ~ 10**-10°> Gs,
unattainable in laboratory conditions, and fields of such intensity extend over
considerable distances L ~10-100 km.

Therefore, surroundings of the pulsars and magnetars are the most convenient
natural laboratory for studying the effects of nonlinear vacuum electrodynamics[75].

2.4 Magnetar external field metric.

Let us consider the movement of masses with island distribution. With the island
distribution of masses, the gravitational field at infinity tends to zero. Where there is
no gravitational field, the space-time geometry should be pseudo-Euclidean,
therefore, the limiting values of g,, at infinity:

(goo )oo =1; (gOi )oo =0; (gij)00 - _Sij; 1,j=1,2,3) (2.13)

The corresponding limit values for the contravariant components of the metric tensor
will be equal

("), =1 (g"). =0; (g"), =3,
(2.14)
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These conditions must be supplemented by others characterizing the asymptotic
behavior of the differences g, - (d.)- at a large distance from the masses:

- a(r(gyv _(g;tV)oo )) 1 a(r(gﬂv _(g//‘/)oo ))

" [ or e ot ] = (2.15)
(r—>wo)

To find the metric

ds’ =g, dx"dx", (2.16)

we need to define the expressions for the metric tensor g,,. System of equations will
be

R — L gwR =y
> (2.17)

0
—gg")=0, pnv=0123,
Ox (‘f ) (2.18)

where (2.17) - Einstein's equation, (2.18) - the condition of harmony, taking into
account the above assumptions, can be reduced to

1 10°) . . .
E(A——zng“ Z—X(T —58 Tj,
c (2.19)

which are solved by the method of successive approximations. Thus, the components
of the metric tensor and the momentum energy tensor are successively found, and the
constant y is also determined. With the right degree of accuracy

2 2 : ~
goozl_ U+—(U2 —a W—CZUJ‘F...,

2 4 2

C C
4U.
g0 = 3 >
C

2U
b2

c (2.20)
Hence
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C C
0i 4U1
g =5t
gij:—(1—2—9j8ij+...
C (2.21)
and
15
g=—{1+—+...|
C (2.22)

Accordingly, the energy-momentum tensor of macroscopic bodies has the form

I :p{l+%(%v2 +H—Uﬂ+...,
C

cT" :pvi|:1+i2(lvz _|_1_[—Uj:|+l2pvi +...,
c \2 v

2
¢’T"=pv,v, +pd, +... (2.23)

where p - isotropic pressure, IT - elastic energy of unit mass. Here U - newtons

potential, U; - vector- potential, W, U - secondary functions. We need to find these
expressions with the right degree of accuracy. Ouu ynosnersopsiror They satisfy the
relations

AU =—4myp, (2.24)
AU, =—4mypv,, (2.25)
AW = U, (2.26)
AU = —4my(c—p), (2.27)

where p - body mass density, c = T** or

cs:p+l2p(év2 —U+Hj+3—£),
¢ \2 c (2.28)
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In each of the functions U, U;, W, U can be distinguished the inner part due to the
body under consideration and the external part due to the action of the other bodies

U=u®+U"®,

U =u+U",

W=w"+W®,

U® =9® +0"™. (2.29)

The internal parts will be defined by expressions
pr(dX/’)3 | uFa) _, p!Vi(dX'f)3
r-r o [r-r

o1 , "0 ~ (cr’—p')(dx')3
w® == r—r'|(dx’'), i =y .
2’}/(;!‘)[)‘ ‘( ) (:!.) ‘r r!

u® :Y_[

(a)

9

(2.30)

The mass of the body under consideration, the coordinates and velocity
components of the center of inertia are expressed by the integrals

M, = [pldx)’,
@) (2.31)

Maai = J.pxi(dx)?”
@ (2.32)

M,a, = Ip v (dx)'.
(@) (2.33)

We will assume that the velocity distribution inside the body has the form

(a)

vV, =2, + 0 (Xk —a, )9 (234)

where wj; - antisymmetric angular velocity tensor with components

0 o, -0,
((oij)z -0, 0 o

®, -0, 0 (2.35)
The values
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Ifi?z...in = J.p(xil - ai1 )(Xiz - aiz ) . '(Xin - ain )(dX)3

@) (2.36)

determine the moments of inertia of order n (n = 2, 3, ...). Their time derivatives
satisfy the kinematic relations

(a) (a) (a) (a)
11112 = 0 Ik1 iy +(’0k1 Ilkl +. +0‘)k1 Illl ke (2_37)

If we denote the potential of centrifugal forces by Q®@
1
QY =—o" o™ (x, —a,)(x,—a,),
ol ei(s, —a,)x -a) -

then the Kkinetic energy of rotation and moments of the first and second orders will be

T® = IPQ(a)(dX)3 — ; (D(a> O)(a)I(a)

km km~kl ?
(a)

T® = .[pQ("‘) —a. )dx) = % o oI

km Im ikl ?
(a)

T,” = IpQ‘d) X, —a, )(x —a. )(dx :%co‘a’ oW1

km Im ~ijkl*®

(@) (2.39)

When calculating the integrals of the internal parts of the integrands, we need
auxiliary integrals that depend only on the internal structure of the body:

By = vap XXX X (ax) (ax),

(a)(a) l' -r’

By = L] fopr Ce X X (e

!

(a)(a) l‘—l’
_ !/
fjl)l = Y_[ JPP )(i(; Xl)(Xi —a, X, —aj)(dx)3(dx')3.
(@)(a) r—r‘

(2.40)

Using these integrals we find
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g pu®(x, —a Ydx)' =B®,
2(a)
¢ =2 [pu(x, ~a,Yx, ~a,Ydx)' =B,
2] (2.41)
and

1 aZW(a) 3
@ _ dx)' = &8 —B®@,
(Pkl 2 (a)p an8X1 ( ) kl kl

(a)
1k1 - J‘p

(a)

(x, —a Ydx)' =¢®§,, ~BY

ikl 2

(a) _ @ (a)
Py = '[p x —a, )(x —-a. )(dx =g;0,, — B

2 (2.42)

We introduce two more groups of integrals, which also depend only on the internal
structure of the body

a(a) _ J‘(_ pu(a) +plT+ 3deX)3 )

(a)

£W = J'(— pu® + pIl+ 3p)(xi —a_ )dx)’,
@
£W = J'(— pu® +pIl+3p)x, —a, )(xj —a, )(dx)3
() (2.43)

or

n® = I(— pu® +pIT+ p)(dx)3,

(a)

n® = [(-pu® +pIT+p)x, —a, fdx),

(a)

' = I(— pu® +pH+p)(xi —ai)(xj —andX)3.
(@) (2.44)

The integrals of the outer parts are calculated by expanding the functions of |r -
r'| in the vicinity of the corresponding body
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U®(r)= > (a)yjp'(dx'f :YZ (a){ M, L2 1 I(b) 0 1

v @ |r—r r—b| 2" ox.0x, [r- b\
L @ I o' 1 }
6 " ox,0x,0x, r— b\ 24" Ox,0x,0x 0%, r — b\ (2.45)
(dx') M, b o 1
U™ (r w., [PV @ (R
Zb: d[)‘_‘ Yz {“ 1klax‘rb‘
1( \ 0’ 1
b I} + oI ) }
2 Ox 5X ‘l‘ b‘ (2.46)
82
w® @ r—r'|(d @M, [r—b|+— I(b) r—b|-
(=S o fole-rex = L2 e 11y E e
3 4
—lli'j;la—\r—bhilfj’;n 0 e —b|+...p,
6  0x,0X,0X,, 24 0x,0X,0X OX,
(2.47)
() 2
oW (r):lyzw - ‘r b\+ v — d ———[r—b|-
ot “ox, 0x 0%,
| 0’ 1
! g;;jm\r—w (126, 4510, )
4
X 0 ‘r—b‘+... ,
0x, 0X OX_ OX .
OWIr) 1 g 0
T—EY; Mbbkblm‘r—bh
M (b —c,) @
M (b) —b|-
_ 3
(R _lpb)yz w M. (b, Cm)\ 0 r—b|+...p,
2 114 b-c Jox,ox,0x,
(2.48)
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ﬁ(a)() Z(a) J’( _p')(dx’)3_lzx

o r—r c

Z (a){( M bz U(b)(b)+3T(b) gb)j

!
r—b
!
x|

(36, ™1™ 43T + a<b>) 0

n mnklm

2 (b)
T2 1) IR RS 1)
ox,0x, r=b| 6 “ ox, )

o1 o UM
I +...p
8x r— b\ 0x,0x, ). [r—b|

+%6 B2IO — 10U (b)+3b, 01 +

(2.49)
We rewrite the last expression in the form
3 YM
U(d) (a) _ (b) +3T(b)+ (b)
" Z{w( T iJ
. 0 1 1 3.
_ 3b (b)I(b) +3T(b) + (b) | = I(b) (b) (b)
( n Pt - )8x r— b| (2 Z |b c|
0’ 1 1 8
3b o1 + 43T + ) L2 M,
2 O Ligm ﬁkl }Oxkax, |l‘—b| 6 z Y X
a 1 (b) (c) (cb 62 1
MIY+M1
8b |b c| Z ( b o )ab ob, |b c|
(2.50)

Substituting the results obtained in (2.20) and (2.21), we obtain expressions for the
components of the metric tensor
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_ ZY @) b 11<b) 0 1 11(b> 0 1
Z {\r b\ Y ox, 0%, [r=b| 6 " ox,0x,0x, |r- b\

2
1 o' 1 2y’ M, I o* 1
I(b) (a) b I(b)
24 ™ o 0x,0x 0K, Jr — b\} [? [\r_b\”z " ox, 0%, Jr - bJJ

ana ‘b C‘
3

gt o
k ¢ C‘ J@X OX,0X

+3T® + é“’)j
= b —0\

_yz(w{‘ —b‘(?,M b2 bz(b) M

~(3b o1y 3T ) S (b; I

ox, |r- b\ ; \b c\
o’ 11 0
+3bnm;;>1g;;++3T<b>+ag>)8Xk8X1 \r—b\+6l(b) ‘ RO IRSLYE
a 1 (b) (c) (cb 62 1
M I® +M I
ab\b d 2 Z ML+ ”‘)abab\b N
(2.51)
4Y ) ) (O 0 1
r2 {\r b\ T o r—n|
o’ 1
by +op) }
i ox,0x, [r—b| (2.52)
25 e o’ 1
_ Z(){ b I() })5 +...,
[ r— b\ Y 0x, 0, [t —b| (2.53)

contravariant components of the metric tensor
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el M, 1 S 0 1
00 -1+ 2L (a) b I(b) I(b)
gl=lr 2 {|r—b|+ “ Bx,0x,)r—b| 6 " ox,ox,0x, r—b|

! 0" 1] 2y M, 1., o 1)
I(b) b _I(b)
24 ™ Ox,0x 0% 0%, Jr — b|} (Z [|r_b|2+z " Px,0x, |rb|U "

2 0’

= “iM,b,b,
4{ YZ { P ox 0%,

k

(I(b)b 1 [0y ® M (bm _Cmﬂ 0’ |r—b|}+

274 b-d’  )ox,0x,0x,

|r b|+M Zw)(b—_ck)x

< +3T" +E_,(b’}
= b

Im ki

(3b m(b)I(b)+3T(b)+§$’)) 0 1 1[3 iﬁ) (b)z(m

ox, [r—b| 2 : \b c\
; 0’ | 1 o 1
3b @ 3T® 4 g®) Lrw O )M
+ 2O k1m++ kl +E.>k] /8Xk8X1 ‘l’—b‘—i_ ; Y C><
o 1 1 1 ) © @) O 1
—-— M. 1 M. I
“ab.b—d 2r—b|> ML+ ML )8b ab, b
(2.54)
0i 4Y (a) 0] (R 0 1
2 {\r SR~
1y 0’ 1
#o B o) }
2 0x,0X, [r b (2.55)
gl = 2Yz(a){ b 11<b> o 1 }j 4+
[ r— b\ Y 0x,0x, [r—b| (2.56)

In the case of spherically symmetric bodies, all of the above formulas are greatly
simplified. Integrals that depend on the internal structure take on values

BY —;6 B“, BY =0, BY = 6 3,8

kI™" mm ? ikl ijkl k1™~ mmnn *

(2.57)

The quantities &®, ni®, &@ vanish, and the quantities &;®, n;®, ;@ become
proportional to &;;. Further,
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I(a) =0,l,, Ifjx)n =0,

ISI)m (6k16rm +6km6]n +6kn6]m )I; (2_58)
therefore

(a) __ 2 (a) __ (a) __ 2 (a) (a) '
T =21,, T =0, T =225, - n, (2.59)

where ®, means a three-dimensional vector of angular velocity with components w;,
2, ®3. Moreover, for a homogeneous body of radius R,

I =1MaRj, I :iMaRj.
5 35 (2.60)
For spherical bodies, formulas (2.45), (2.46), (2.48) and (2.49) give
U(a) z <a)yj'p dX ) =y M,
@ = = lr-b] (2.61)
U ()=rx { SO o, (- b)]}
r _b| r—b | (2.62)
WO (r)= 1 yS M, [r—bl+....
2'4 (2.63)
T Y a 1 3 b 'Y b
U(’(r):TZ” bz() +30’1, +E© |+
c r—b|| 2 b c|
+ 31:)3((x)b[(rb)xb])+...}.
r—b] (2.64)
Introducing effective mass
1 (a)
m, =M, +—¢
C (2.65)

and determining the potentials g,, by formulas (2.20), we find the metric of the
external gravitational field N of rotating spherically symmetric bodies in harmonic
coordinates
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a

) 2y 2y2 m )
d —
{ z r— a\ [Za: r— aJ = 6‘[2

2Y z Z(a) m, 6YZ

r— a\ : la—b| :

<(o[r-a)<a)- Ly Lo } d s Yz{—a ;

¢ Tlr—a C r—a|

e

2.4 Propagation of gamma radiation in a quadruple magnetic field.

According to the ideas of modern theoretical astrophysics[94], neutron stars
have magnetic dipole field, which on their surface reaches the values comparable
with quantum electrodynamic induction B, = 4.41-10%G. In a such field, the
nonlinearity of electrodynamics in a vacuum must appear, leading to the appearance
of various physical effects[75, 81, 82, 88, 89]. Theoretical studies of such nonlinear
electrodynamic processes use the post-Maxwellian approximation [95].
In this approximation, the Lagrangian of the nonlinear electrodynamics of vacuum is
written in the parameterized form:

Ty My

C a

ra\

ra\

I,

r—af

+

o, x(r—a)]}cdtdx —[1+ Z

(2.66)

1 1.n
L:E{ZJz+§[(771_2772)‘]22+4772‘]4]}_E‘] A, (2.67)

where J, = F,, F*" and ], = F,;, F¥™F,,;F™ —are invariants of the electromagnetic
field tensor Fy,, & =1/BZ, n,, — are post-Maxwellian parameters whose
magnitude varies in different theoretical models of nonlinear electrodynamics of
vacuum[80].

In the Heisenberg-Euler theory, which is a consequence of quantum
electrodynamics, the numerical values of the parameters n, and 7, are not equal to
each other: n, = e?/45whc = 5.1-1075, n, = 7e2/(180mhc) = 9.0 - 107>,

In the nonlinear Born-Infeld electrodynamics the parameters 7, and 7,
coincide: n; = n, = aB,/4. M. Born and L. Infeld have obtained an estimation
1/a = 9.18- 10 Gauss for the constant a. Then in the nonlinear Born-Infeld
electrodynamics n, = n, = 5.8-107°.

The equations of the electromagnetic field with the Lagrangian (2.67) have the
form:

82 mn m n 47[ = m
; —2n,)J,]F™+4én, F kapr}:_TJ

(2.68)
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The second pair of equations of the electromagnetic field coincides with the
corresponding equations of Maxwell's theory:

dF,  dF,  dFy o
dx™  dx*  dx" (2.69)

When studying the laws of propagation for weak electromagnetic waves in a
strong external field F;, the Eikonal equation was used. This equation was obtained
in a number of previously published papers [86,96]). Calculations have shown that
the propagation of a weak electromagnetic wave according to the laws of nonlinear
electrodynamics (2.68) in space-time with a metric tensor g,, and in the presence of
an external electromagnetic field occurs by geodesic of some elective pseudo-
Riemannian space-time. The metric tensor of this space-time G, depends on the
metric tensor g, ; the quadratic combination of the electromagnetic field tensor
E,;g"F,, and at n, # n, it is different for waves of different polarization
(nonlinear electrodynamic birefringence). While for the first normal wave the tensor
G has the form

@ _ B im
Gnk_gnk 4771§Fnig ka (2.70)

for the second normal wave, having orthogonal polarization to the polarization of the
first wave, the tensor differs by the second term coefficient:

@ _, im
Gnk _gnk 4772‘/:Fnig ka (2.71)

According to the Lagrange-Charpit theorem, this means that in order to find the
trajectories along which the pulse of a weak electromagnetic wave propagates in the
external field and determine the laws of its motion along these trajectories, we need
to solve the equations of isotropic geodesic motion in the effective space-time with

the metric tensor G %

LS ' K"K"=0, GS?K"K" =0, (2.72)

2

where I}, —are Christopher symbols of the space-time with a metric tensor

G,Sc) or G,(li), depending on the mode being studied, £ —is affine parameter, K* =
dx'/d¥ — is a four-vector tangent to the corresponding isotropic geodesic.
Affine parameter X — is not related to curvilinear abscissa "s" in space-time,

because for isotropic geodesic motion we have: ds = 0 but dZ # 0.
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This method has been successfully used to study various nonlinear processes
occurring in magnetic dipole fields of pulsars and magnetars [82], as well as in an
electric dipole field [89]. Calculations have shown that in this case the rays of
electromagnetic waves are bent, and the electromagnetic wave itself splits at n, #
n, into two normal modes with mutually perpendicular polarization. These modes
propagate along different rays at different speeds. At the present time another
polarization effect of nonlinear electrodynamics of vacuum is observed [99, 84]:
polarized thermal emission from X-ray dim isolated neutron stars (the case of RX
J1856.5-3754).
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~ Model of a pulsar

Figure 19 — Model of a pulsar as a rotating neutron star with an inclined magnetic
field [104].

Recent papers [97] assume that neutron stars can also have quadruple magnetic
field, the intensity of which can reach the intensity of dipole fields [78,79,80].

To the date, there was not any study of the nonlinear-electrodynamic effect of
the magnetic quadruple field on the propagation of pulses of electromagnetic
radiation. Therefore, the purpose of this article is to calculate the non-linear effect of
the magnetic dipole and quadruple fields on the propagation of electromagnetic
Wwaves.

We place the origin of the Cartesian coordinate system at the point where the
pulsar or magnetar is located. Then, the vector of magnetic induction B will have the
form:
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B=B, +B, (2.73)

where By is the vector of the dipole magnetic induction, B, is the vector of the
quadruple magnetic induction.
In the Maxwellian approximation we have:

B(r )_3(mr)rr r’m (2.74)

where m is the magnetic dipole moment of the pulsar or magnetar.
The components of the quadruple magnetic induction vector B, in a spherical
coordinate system r, 8, ¢ as shown in [97], will have the form:

4
= BRS{[—\/7(1+3c:0326?)]cos;(1 [3\/73|n2¢9005¢]smglcos;52

[3\/7$|n @cos2¢]sin y,sin y,},

BR{ . [5 . 1 :
B, =— " {[ Esm249]cos;(1+[10 %coswcow]sm;(lcos;(z—

[\/gsin 260cos2¢]sin y,sin y,},

5, _BR¢

{5\/75c036?sm @sin y, CoS y, — \/gsin @sin2¢sin g, sin y, }, (2.75)

where R; is the neutron star radius, B is a constant having a dimension of magnetic
induction, x; € [0,m] and y, € [0,2m] are two angles specifying the particular
geometry of the quadruple magnetic field [78].

However, for further calculations it is more convenient for us to use a
rectangular Cartesian coordinate system. Re-designating the constants B, y;and y,
in accordance with relations

_ 2
B0 = B\/1+ 2 CoS b2
(2.76)

J3cos z, siné = sin y,

Jl+2cos? 7, B 1+ 2cos® y,

from the expressions (2.75) we obtain:

cosé =
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4
B,, _\/EB oRs {X[r*-52*1f, + 2z[5x*-r*]f, + x[52° - 3r*+10y*]f.},

4
B,, = \EB RsY (1= 5221, +10xat, + [3r*— 105 — 521 £}, (2.77)

5 B Rg 2 2 2 2 2
B,, = 5 {z[3r*-52*]1, + 2x[52° - r*]f, - 5z[x*- y*]f.},

where the notations were introduced: f; = cosé, f, = sinécosy, atthat f2 + f7 +
fZ =1. The B, constant can be expressed in terms of the magnetic induction of a

quadruple By atapoint 8 = E , QP = % on the surface of a neutron star:

Bo=BN\/ .62 — (2.78)
' S+ L+ 2sin® y,)sin“ &)

Suppose that an electromagnetic pulse is emitted from a certain point r =r, =
{xs,¥5, 25} attime t = t;. We assume that at the point r = r; = {x4,y4,24} there
iIs an electromagnetic radiation detector. We orient the axes of the Cartesian
coordinate system so that the source and the electromagnetic radiation detector lie in
the XOZ; plane, and the Z axis is directed so that the following conditions are
fulfilled: x; =x4,7 =y4=0. Then r, ={x,0,z,} and r; = {x,0,z4}. (See
figure 20).
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Neutron Star

Reciever //

Source

Figure 20 — The orientation of the coordinate axes and the location of the source and
receiver of hard radiation.

As in [89], we will consider the propagation of pulses of only X-ray and gamma
frequencies, for which the influence of the magnetosphere of a pulsar and a magnetar
can be neglected. Let us find out by which rays the electromagnetic pulses will
propagate from the point r, to the point rd, and also determine the laws of motion of
electromagnetic pulses along these rays [79].

Pulsars and magnetars have a gravitational field, which can to impact on the
propagation of X-ray and gamma pulses. To study the post-Newtonian motion of
photons components of the metric tensor g;; to be written in a linear approximation
on the gravitational potential = 7, /r, where r, is star's gravitational radius.
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The components of the metric tensor g;;, with the required accuracy, take the
form

r r

-9 N
goo_l r ' g11_922_933_ [1+ r]’ (279)

The remaining components of the tensor g;, are zero.

Using expressions (2.79), we find the components of metric tensors G,(li’z) of the
effective pseudo-Riemannian space-time (2.70) - (2.71) for the problem under
consideration:

r
G(]-' 2) :1_ g

00 n
(2.80)

r
L2 _ g9 2
Gy = 5aﬂ[l+ 4 oBT(N]+dm ,¢B () Bﬁ(r)
Thus, we have two small dimensionless parameters: r, /r and 1, ,¢B?(r), differently

depending on the distance r. The main part of gravitational and nonlinear
electrodynamics influence on the X-ray and gamma pulses are felt near the neutron

star r~R,, where should satisfy the relation (rg/RS)2~n1,2€BZ(RS) <1074,
Therefore for further calculations we must hold in the linear approximation on
m2§B*(Rs) and quadratic approximation in the small parameter (r;/Rs). The
propagation of electromagnetic waves in the gravitational field has been considered
repeatedly in the scientific literature[87]. As shown in these papers, there is no
birefringence in the gravitational field, as a result of which the law of propagation of
an electromagnetic wave does not depend on its polarization. Rays of any wave in
approximation (rg/RS)2 are bent by the angle &y~2r,/R;~10"% rad. The
nonlinear-electrodynamic  action of ~n,,éB%(R;) on the propagation of
electromagnetic waves in the problem under consideration has the form of an additive
correction and does not depend on (r;/Rs). Therefore, in this paper we will not
consider the well-studied effect of the gravitational field, but focus our attention on
the additive correction ~n, ,&éB*(R,). This means that as background metric g;;, we
will use the Minkowski metric.

To calculate the effects in the linear approximation in the small parameter
n126B*(Ry), the vector B in the expression (2.73) must be taken in Maxwell's
approach.

The equations of geodesics (2.72) in space-time (2.70) - (2.71), following [96],
can be written by differentiating not with respect to the parameter X, but in the
coordinate z in accordance with expression d /dx = K3d/dz: As a result, we get:
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d’c dct dx” dx™

d }dz dz
System of equations (2.81) has the first integral:
ddxz d(;(z G2 =0 (2.82)

From the system of equations (2.81) - (2.82) one can find the equations for rays x =
x(z),y = y(z) and the law of motion of electromagnetic pulses along these rays
t = t(z) in a parametric form, where the coordinate z plays the role of the parameter
[78].

From the source of hard electromagnetic radiation located at r, = {x,, 0, z,}, the
electromagnetic radiation propagates along the rays in different directions. From this
beam of rays we are only interested in the ray passing through the detector located at
the point r; = {x4,0,z,4}. To isolate this ray in the general solution we shall use not
the initial but the boundary conditions for equations (2.81):

x(zS):x(zd ):xS ,y(zs)zy(zd )=0 ,t(zs)zts (2.83)

Equations (2.81) and (2.82) are nonlinear, for which the usual methods of
integration [92, 101,102] are not applicable. However, they contain a small parameter
N126B2(r) < n,,EB*(Rs) < 1, Therefore, as in [96], we represent expressions x =
X12(2), ¥y = y12(2),t = t1,(2) in the form of expansions with respect to this small
parameter:

t,(2) =t,(2) + 77, ,<TH(2) — t(z,)],

(Z-2)X@) - X@)ly 580
(24-2,)

X5 (Z) =Xo (Z) + ﬂl,zf[x(z) - X (Zs) +

2=z )[Y(z,) - Y(z, )]]

Yio (2)=Y,(2) + 771,2§[Y(Z) -Y(z,)+
( a—Z )

Functions t; ,(z), x4 ,(z) and y; ,(z), by virtue of the boundary conditions (2.83),
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describe the propagation of the electromagnetic pulse from z = zs to z=2zd. If z
changes sign as a result of the transformation z — —z, then in the expressions x =
x(z),y = y(z)andt = t(z), we need to change the sign of zs and z{ also.

We now substitute the expressions (2.84) into equations (2.81) - (2.82) and
expand them according to the available small parameter. Then in the Maxwellian
approximation we will have:

c d’t,(2) _ d’x(z) _ d?y,(2) 0
dz? dz? dz?

(2.85)
Cz(dto(z)jz _(dxo(z)jz _(dyo(z)jz 4
dz dz dz
From these equations, taking into account conditions (2.83), it follows that:
-1,
tO(Z) =1+ d Xo(z) =X yo(z) =0 (2.86)

According to these expressions, in the absence of the influence of the magnetic field
on the propagation of the electromagnetic pulse, it moves along the straight line
x,(z) = xs5,y,(z) = 0and has the law of motionZ = zs + c(t — ts).

Substituting expressions (2.84) and (2.85) into equations (2.81)-(2.82), we can
obtain equations for the next approximation. From the first integral (2.82) in this case
we have:

c@ﬂ{sz + BZ}:
dz Xy

18]

r.10

6X,
r8

[ X, (M2—m?)+2m, m,z ]+ == x,(3m’—2m?)—2m, m,z |

2
+—6(mf +m2)
r y

4 4
+2\/3_0380R {151)2(5 [Xs(fl mx_2f2 mz_ f3 mx)

+z(f,m,+2f,m,—-3f,m,)
2
+25 [%, (36 f,m, ~17 f,m_+11f,m,)
r
+z(6f,m,-12f m,-16f,m )

2
+F[XS(2 fm-3f,m—-fm)+zfm]}+
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8
SB;RS{ZSX [42f, (f, - f2)+xs(1—2f1f3—5f22)]}+

20XS[f(3f ~5f)+x (f2 +9f2 +3f,f, - 2)]+

4f2 4x

—f)+x (4-4ff, -15f7 -3f})],

(2.87)

where m,, m,, m, are corresponding components of the magnetic dipole moment of
the pulsar or magnetar m and in the approximation under consideration r =

Vz?% + x2.
Integrating this equation, we find the dependence of t(z):
_ 1 2 2
ct(2) —{ﬁ[z@mz +5m; ) +16x,m, mx] —

ox’ I z 3z 3 Z
——z(m; —m |+ 2x.m m, |+ — + atan| — | |x
4r8[ ( ’ X) P X] L’-’;Zr“x2 64r’x’  64x] (xsﬂ

8 3
x[16m? —m? + 25m2 J}+ 5B%RSI5OX £(f,— f)+ %(5f1—3f3)+
2

8f/z 25x 4

8

X
(2, - 41) -

XZ Z
41-48f7 —157f7 —34f, f,) + ——[atan| — |+
A oot a2

" (1-517 —21,f,) -

X, 22 8z 16sz
2

r>  3r* 15r° 35r
~/30B,R" (15fm +30f,m, 67f3mx)><

1152 f

z | 15zx} 8z | 2f,m,
x| atan| — |+ — t— |~ s~
X r r Or

S

2]/ 35-182f, f, +193f; + 336 f; [+

—2:; [2(7f,m, ~8f,m, +5f,m,)+4x (3f,m, —

3

8f,m, —6fm,)]-—<[z(f,m, +2f,m - fm )+
r
X, (2f,m + fm, — f.m,)]} (2.88)

For the function X(z) entering into the expressions (2.84), we obtain the following
equation:
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2 = X (m2—m?) +2zm, m, |+

151)552 [Xs (25m? - 21m? ) - 312me2] ’
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8 4
+17503P;°R5 s{azf,(f, - f)+x (-2 f, —5f7 + f2)}+

, 100 B0 R®
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8
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Integrating this equation, we find:

X(z)= 3 ~[52x,m,m, —5z(41m{ +16m’ +15m?)atan Z1-
64XS ’ X
9X52 2 1 2 2
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r
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+m[z(82 f,m, —15f,m, —37f;m,) + 2x (15f,m, +
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The function Y (z) satisfies the equation:

d? 12m, 2
d7Y(@) _ {(SX m, +3zm,) - 5xS(x;m, + zmz)}r

dz® rs r?

2\/_m B, R, f35xs
3r® x.(f -
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(2.90)

The solution of this equation has the form:
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r 16r°x;

m 3m Z
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Relations (2.84) and (2.87)-(2.91) completely determine the equations for rays,
according to the post-Maxwellian electrodynamics of vacuum, and also the law of
motion of electromagnetic pulses along these rays.

Let us consider the effects of the nonlinear electrodynamic action of the
magnetic dipole and quadruple fields on the electromagnetic wave. Let us first find
the magnitude of the angle of curvature of rays due to the nonlinearity of
electrodynamics in vacuum. For this we introduce the vector N(z) = dr/dz;
tangent to the ray at an arbitrary point z: Using the expressions (8.84), we have

I\,(Z)_,7112§{<3'><(Z) L X(z)- X(Zd)}ex +{O'Y(Z) +Y(Zs)—Y(Zd)}ey}+ez

dz Zy — Zg dz Zy —Z,

(2.92)

Taking into account that in the post-Maxwellian approximation |[N| = 1; angle S of
the curvature of the ray in the XOZ plane can be determined by examining the
expression for the vector product [N(z,), N(zy)]:

sinB=[[N(z,) N(z,)], :nllzg{dﬁy)m _dxd_§2)|” } (2.93)

The angle ¢ of the curvature of the ray in the YOZ plane can be determined by
examining the expression for the vector product [N(z;), N(z4)]:

. dY (z) dY (z)
siny =|| N(z.),N(z = - : 2.94
v H: (s) (d):Hx ’71,25{ Az o Az o, (2.94)
The expressions (2.93) and (2.94) take the simplest form in the case when the pulsar
or magnetar is at an equal distance from the emitter and the receiver of
electromagnetic waves (z; = —z,) and z; >> x.: In this case, the sine of the angle
of curvature of the ray inthe XO0Z plane is equal to:

o 157 2 5 5
sing = —Ul,zf{m[“lmx +16m_ +15m; } +

S
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S

The sine of the angle of curvature of the ray in the YOZ plane is equal to:

(2.96)

_ 757mm,  57+/30B,R’m
S'”W=771,z§{ =+ : y[ f, - fS]}

32x° 128x/!

Estimates show that when |B|~10%3 G the angles g and i can reach several arc
seconds.

Further, for n, #+ n, because of the nonlinear electrodynamic birefringence,
each electromagnetic pulse emitted at the point r, = {x,, 0, z,}, splits into two pulses,
one of which is carried by the first normal wave and the other by the second normal
wave having orthogonal polarization. These pulses move to the receiver along
different rays, spending on this way different time. Let us calculate in the case, when
zy = —zs » Xxg, the delay time of the electromagnetic pulse carried by the first
normal wave, in comparison with the propagation of the pulse carried by the second
normal wave. Using expressions (2.84) and (2.87), we have:

At=t,(zy)-t(z4)=

n(féz - Zl)(f 3 41m7 +16m? +15m? | +
CX
25B2R® :
S35 1281, 1, +193f, + 33611+
4
SRR, 451, ~671,)m, +30Em, (&40

S

The presence of a non-zero value of At leads to the appearance of unusual
polarization properties for an electromagnetic pulse. These properties are a
consequence of the different magnitude of the propagation velocity of two modes in
an external magnetic field. Indeed, suppose that a pulse of an arbitrarily polarized
hard radiation has finite duration T. Because of the birefringence of the vacuum, it
splits into two modes, polarized in mutually perpendicular planes, with the leading
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edges of these modes coinciding at the initial instant of time. The leading edge of the
faster mode will arrive at the hard radiation detector earlier than the leading edge of
the slow mode, which for some time is equal to At. Therefore, during the time At
only the faster normal pulse mode will pass through the detector and the detector will
detect the linear polarization of this part of the electromagnetic pulse.

After the time At; the front of the pulse transferred by another normal mode, the
phase of which differs from the phase of the faster mode on wAt, where w — is the
frequency of the wave. The addition of these orthogonally polarized normal modes in
the subsequent time will create in the detector radiation with elliptical polarization
that will pass through the detector for atime T — At.

Quite analogously, the trailing edge of the faster mode will leave the detector
before the trailing edge of the slow mode. Therefore, at the back of the pulse duration
At, the polarization will also be linear, but orthogonal to the linear polarization of the
faster mode. Thus, the detection of the above-mentioned polarization properties of
hard pulses coming from pulsars makes it possible not only to assert the
manifestation of nonlinear electrodynamics of vacuum, but also to estimate the
magnitude of the induction of the magnetic field on the surface of the pulsar from the
value of At[78, 79, 80].
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CONCLUSION

The study of the expanded composition of thallium, lead, bismuth, and polonium
isotopes made it possible to determine the main isotopic composition involved in
cyclic reaction Pb-Bi. Based on the calculation of energy release, the intensity of
gamma radiation from each neutron capture reactions was determined. The
simulation has been done for different values of the neutron flux, i.e.
1013,10%*,10>,10%%, 107, 108. The results of the work show that with an increase
in the neutron flux up to 102° the number of gamma quanta cycles reaches its upper
value and a further increase in the neutron flux does not lead to an increase in gamma
quanta.

Analysis of the obtained expressions (2.31) and (2.32) shows that in the plane in
which the neutron star, the source and receiver of hard radiation are located, the field
of the magnetic dipole acts on the rays as a collecting lens. The deviation of the rays
caused by the magnetic quadruple field and its superposition with dipole field is not
sign-definite and depends on the orientation of the vector m, relative to the principal
axes of the magnetic quadruple, so can serve both as a collecting lens and a scattering
lens. Further, it follows from expression (2.33) that in the magnetic dipole field the
second normal mode propagates slower than the first normal mode for any orientation
of the vector m. The rest of the expression (3.33) is not sign-definite and depends on
the orientation of the vector m relative to the principal axes of the magnetic
quadruple. Therefore, the joint action of the dipole field and the magnetic quadruple
field can lead to a decrease in the value of At, compared with the value At, created
only by magnetic dipole field.

The calculation showed that, according to the equations of nonlinear
electrodynamics of vacuum, the magnetic dipole and quadruple fields bends the rays
of electromagnetic waves and the magnitude of the angle of this curvature depends on
the orientation of the dipole and quadruple moments with respect to the direction of
propagation of the electromagnetic wave.

The propagation velocities of electromagnetic pulses at n, # n, depend on the
polarization of the electromagnetic wave. If a short pulse is emitted from the
electromagnetic radiation source, then in the general case it will propagate in the
magnetic dipole and quadruple fields in the form of two normal waves having
mutually perpendicular polarization.

In the receiver these pulses will arrive along different rays and at different
instants, as a result of which the recorded total pulse will have an unusual
polarization: the front and back parts of each pulse of length cAt will be linearly
polarized in mutually perpendicular planes, and the rest part of pulse will be
elliptically polarized. A simple analysis shows that at x;~R;~10 km and
|B|~1013 G the value of (2.33), with a favorable orientation of the dipole and
quadruple relative to the z axis of the Cartesian coordinate system chosen by us, can
reach several tens of nanoseconds.

This effect can be detected after the creation of space-based polarimeters, such
as wide-field gamma ray (0.02 — 3.0 MeV) telescope GAMMASCOPE[96], which is
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elaborated now at Moscow State University as a part of Russian space program, such
as the XIPE (X-ray Imaging Polarimetry Explorer) project [98] being developed by
ESA and the Imaging X-ray Polarimetry Explorer (IXPE) [100] being developed by
the NASA / Italian Space Agency[78,79,80,81,82].
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